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PEEFAOE. 



This book is designed as a drill-book for class use; its 
leading features are: 

1. The general definition of the trigonometric functions 
in terms applicable to all angles, without regard to sign 
or magnitude. 

2. The expression of the functions of all angles in terms 
of the functions of positive angles less than a right angle, 
by direct reference to the definitions. 

3. The graphic representation of trigonometric functions. 

4. The varied and repeated illustration of definitions and 
principles by carefully drawn figures. 

5. The full discussion of the ambiguous and impossible 
cases of right and oblique triangles. 

6. The differentiation of trigonometric functions, their 
development thereby into series, and the computation of the 
trigonometric canon by means of these series. 

7. The exact statement of principles in the form of theorems 
and corollaries, and their rigorous demonstration. 

8. Copious and varied exercises. 

In the preparation of the book, free use has been made 
of the works of other authors, particularly those of Briot 
and Bouquet, De Morgan, Todhunter, Peirce, Wheeler, Green- 
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leaf, Loomis, and Chauvenet; and of collections of exercises 
representing Senate-house examination papers. 

THE THIRD EDITION. 

After eight years' use in the class-room, this book has 
been wholly rewritten — upon the same general lines, indeed, 
as the first edition, but with so many and so important 
changes in details as to make it virtually a new book. In , 
making the revision, the authors have had two distinct pur- 
poses : to make the book simpler and more attractive as a 
text-book, and to make it more thorough and exhaustive as 
a treatise. 

Among the newer matters may be noted: 

1. Applications of trigonometry to surveying, astronomy, 
and navigation. 

2. The extension of the notion of directed lines, and the 
introduction of such other conventions, particularly those 
of directed surfaces, as help to interpret algebraic symbols 
by geometric magnitudes, and thus to lay the foundation 
for the study of mathematical physics. 

3. The discussion of the general triangle, plane and spheri- 
cal, wherein any three lines in a plane, or any three great 
arcs upon a sphere, form a triangle, whatever be their 
directions or lengths. 

Special acknowledgments are due to Prof. C. H. Smith, 
of Bowdoin College, for a valuable note on the graphic 
solution of spherical triangles, to the late Prof. C. Michaels, 
S. J., of St. Mary's College, Kansas, for a like valuable note 
on the relations between plane and spherical triangles, and 
to Messrs. Hathaway and McMahon, instructors in Cornell 
University, for very important suggestions and for a large 
part of the actual work of the revision. 



PREFACE. V 

SUGGESTIONS TO TEACHERS AND STUDENTS. 

The parts named below embrace very nearly all that is 
taught year by year to the regular classes at Cornell 
University; and these parts may be conveniently taken 
up in their order at a first reading: 

All of chapter I, all of chapter II except section 8, all of 
chapter III except sections 2, 7, 9, 11, all of chapter IV 
except sections 7, 8. The more difficult examples may well 
be omitted at a first reading. 

The other parts are taught here to special classes, and 
they may be reserved for a second reading without breaking 
the continuity of the subject. 

When several figures are given to illustrate the same 
principle, the first figure is easiest followed; the others 
help the reader to see the generality of the principle and 
of the proof. 

When the reasons are obvious, both theorems and corollaries 
are left without formal demonstration, but students are 
expected to state the proofs. 

In most cases theorems are given only in formula; it is best 
that these formulae be translated into words. 

In most cases answers to the examples are not given, and 
the student is left to test his own results. The testing is 
counted as not less important than the solution, and the 
habit of independent thought and self-reliance, so cultivated, 
as most valuable of all. 

Only the main lines of the subject are developed in the 
text; collateral matters are outlined in the examples and 
left for the student to work out for himself. 

These examples serve also a more important purpose : 
No real mastery of any mathematical subject can be got 
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by merely reading demonstrations and solving illustrative 
numerical examples. To assimilate the principles of the 
subject, one must work them out afresh for himself, and 
discover their applications to new lines of thought. Count- 
ing upon this problem-solving quite as much as upon the 
reading of the text, the authors have sought to lay out such 
work as is most important and most instructive, with only 
so much of guidance as shall make it easy and attractive. 
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TRiaOJVTOMETRY. 



Trigonometry Is that branch of mathematics which treats of 
the numerical relations of angles and triangles. It is essen- 
tially algebraic in character, but is founded on geometry. 



I. THE POSITION OF A POINT IN A PLANE. 



§ 1. POSITIVE AND NEGATIVE LINES. 

A straight line may be generated by a point moving along it 
in either of two directions. In pure geometry it makes no dif- 
ference in which of these two ways the point moves ; but in the 
applications of algebra to geometry two separate lines are con- 
ceived to be thus generated, lying in the same path, but having 
opposite directions. Such lines are called directed lines^ as 
distinguished from the path itself, which is a non-directed line. 

Tif . T T • xu ^u J u J the same direction 

If two lines he m the same path and have < -4. j- *• 

^ ' opposite directions 

,, I coincident ,. 

they are < .. lines, 

•^ ' opposite 

rr. n 1 T u } the same direction .- .i . . 

Two parallel lines have < •* ^ • * • i* their generat- 

^ ' opposite directions ^ 

. . - • X i.' T I the same side 

mg points move from an intersecting line upon ^ ^pp^gi^e sides 

of that line. 

If a segment of a line be designated by two letters, that part 
of the line is meant that lies between the points marked by the 
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letters ; and the direction of a segment is indicated by the order 
of the letters, the first letter marking the initial point and the 
other letter the terminal point. 

Segments of a line reaching -J lorwara, m ^^^ direction 

® . . backward, agamst 

of the line, are ^ P^^'^^^ segments. 

If the position of a single point upon a line be known, that 
point may be taken as a point of reference, the origin^ and the 
positions of other points upon the same line are determined by 
their distances and directions from this point. The indefinite 

segment of a line that reaches from the origin -{ u ^i^ j,-^ is 

the -{ ^ '. end of the line. 
' negative 

E,g,^ if the horizontal line x'ox have the direction ox, 

C A B 

X' O X 

then the segments ab, ca, cb are positive, in this figure, 
but BA, AC, BC are negative ; 

and if o be the origin, \ ^^, is the -{ ^^^otT^e ®^^ ^^ x'ox. 

So, A, B, c are determined by the segments oa, ob, oc. 
If two segments, not necessarily upon the same line, have the 

same length and be \ ^f" positive or both negative, ^ 

^ • the one positive, the other negative, •^ 

are -{ ^ .. segments. 
y opposite ^ 

E.g.<, in the parallelogram abod the segments ab, cd are equal. 




So BA, DC, CA, BD are equal ; 
but AB, DC, CA, DB are opposite. 



§§ 2, 3.] 
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§ 2. ADDITION OF STRAIGHT LINES. 

Two or more segments of a straight line arc added by placing 
the initial point of the second upon the terminal of the first, the 
initial of the third upon the terminal of the second, and so on ; 
and the sum of all the segments so added is the segment that 
reaches from the first initial to the last terminal point. When 
a positive segment is added, the terminal point moves forward ; 
when a negative segment is added, it moves backward. 

-E.gf., in the figure below 

AB -h BA = 0, AB 4- BC = AC, AB -|- BC -f CA = 0. 

AB 4- BC 4- CD -f • • • 4- KL = AL. 

AB 4- BC 4- CD 4- • • • 4- KL 4- LA = 0. 



C 



E 



§3. THE ABSCISSA AND ORDINATE OF A POINT — 

PROJECTIONS. 

If ox be a given line in a plane and o a given point upon it, 
then with ox as the axis and o as the origin, the position of 
any other point, p, lying in the plane, is determined by drop* 



^r 



o 



A X 



P 



I 



ping a perpendicular, ap, from p on ox and noting the lengths 
and directions of the lines oa, ap. oa is the abscissa and ap 
the ordinate of the point p, as to the axis ox and the origin o. 

If the reader so place himself before the figure that ox is 
horizontal and directed to the right, then by general agreement, 
unless the contrary be distinctly stated, abscissas reaching to 
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^^ ^ 1 ft ^^'^ ^ n^Mi' oif^cissasj and ordinates reaching 

I upward  positive _,. . .-_ . 

-{ J -J *re -{ -'^ - . ordtnaies: i.e., amcissas are sm:- 

• downward ' negative ' ' ^ 

ments of a right-hand line, and ordinates of an upward line. 

By a like general agreement the letter x is used as the symbol 
of the length of an abscissa, and y as that of an ordinate, each 
measured by its positive unit line; and the two together are 
called the rectangular coordinates of the point. The position 
of a point is expressed by the equations x = a, jf = 6, or simply 
by the symbol ah. 

11 the reader look along a straight line in its direction, then 
a straight line perpendicular to the given line and crossing it 
from right to left is a normal to that line. 



X' 



o 



If through the origin a line ox be drawn normal to ox, then 
OT is a secondary axis, the two axes U^ether are the axes of 
coordinates (the x-axis and the y-axis)^ and they divide the 
plane into four quarters, whereof xot is the first quarter^ vox' 
the second^ x'ot' the thirds y'ox the fourth; and of points in 
these four quarters the intrinsic signs of the coordinates are : 

If X = 0, the point is on the j^-axis ; if y = 0, it is on the 
X-axis ; if x = 0, y = 0, it is at the origin. 

FROJECnONS. 

The orthogonal projection of a point on a line is the foot of 
the perpendicular from the point to the line ; and, in this book, 
by projection is always meant orthogonal projection. 
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PROJECTIONS. 



The projection of a limited line upon another line is the part 
of the second line, the line of projection^ that reaches from the 
projection of the initial point of the first line to the projection 
of its terminal point. The projection of a line upon the a;-axis 
is its x-projection^ that upon the y-axis is its y-projection. Pro- 
jections upon the same line are like projections. 

If a line be made up of limited straight lines so placed that 
the terminal point of the first is the initial point of the second, 
the terminal of the second the initial of the third, and so on, 
such a line is a broken line ; and the projection of a broken line 
upon a straight line is the algebraic sum of the projections of the 
parts upon that straight line. 

B 

" . T(F 




E.g,^ let ABCDEF be any broken line, and ox any straight line ; 
then the projection of abcdef on ox is 

A'B'-f-B'c'+ c'D'-h d'e'-I- e'f'. 

Theor.'I. The projection of a broken line upon a straight 
line is equal to the like projection of the straight line that reaches 
from the initial to the terminal point of the broken line. 



E,g,^ proj- ABCDEF = a'b'-|- b c' H h e'f' = a'f' = proj. af. 

Cor. The projection of a closed polygon upon a straigJU line 
is zero. 

Theor. 2. The square of the distance between any two points 
in a plane is the sum of the squares of its projections upon any 
two rectangular axes. 

For these projections are equal to the sides of a right triangle 
whose hypothenuse is the given line. [fig. p. 6 
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Cor. If r he the duiance between two points xy, ar'y , then 



r' = (x-x'r+(y-y)'- 
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EXAMPLES. 

1. Constract the points in a plane whose rectangular coordi- 

nates are: 5,3; 2,9; 8,~7; ~3, 4 ; ~5,~8. 

2. Find the ten distances between these five points. 

31 Join the five points by a broken line and find the length of 
its projection on each axis. 



§4. POSITIVE AND NEGATIVE ANGLES. 

If two straight lines coincide, and if one of them swing about 
a common point as a pivot; then either of the two openings, 
that between the positiye ends of the two lines and that between 
their negative ends, is the f^ne angle between the lines. 

The fixed line is the initial line^ and the swinging line is the 
terminal line. The swinging line has made one revolntion when. 





by a continuous forward motion, it has come again to the posi- 
tion it first occupied. An angle is not limited in trigonometry 
by the words "acute" and "obtuse"; it may exceed a half 
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revolution, or a whole revolution, or it may be any number of 
revolutions. 

V 

E,g,^ the angle xop may be any one of an infinite number of 
angles got by swinging the line op continuously about the point 
o ; it gives another of the angles xop whenever it comes again 
to a particular position. 

Such returns are periodic^ and the angles so generated are 
cong^'tLent angles. 

The angle bounded by the initial line and the first position of 
the terminal line is the primary angle. 

An angle is in the first, second, third, or fourth quarter, ac- 
cording as its terminal line lies in the first, second, third,' or 
fourth quarter, counting from the initial line. 

But the terminal line may come to any given position either by 
a clock-wise or by a counter-clock-wise motion, and, by general 
agreement, if by a clock-wise motion (like the apparent motion 
of the sun and moon as seen by an observer in the northern 
hemisphere) , the angle generated is a negative angle; but if by a 
counter-clock-wise motion (like the real motions of the planets 
about the sun), the angle generated is b. positive angle. 

An angle is designated by naming its initial and terminal 
lines in order, and in a diagram it is shown by a directed arc 
that subtends it. 




/ 



/ I 





/ 



/ 



E.g.^ Z Im is the angle from the line I to the line m. 

So, if ox, OP be the initial and terminal lines, the angle is 
designated by xop. 

Conversely, if an angle be designated by xop, then ox, op are 
the positive ends of the initial and terminal lines. 
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$5- MEAST^^MEyr OF AX.^ M^ 

All entire reTotatioii gives an absolute standaid unit for the 
measmeinent of aisles. This unit is diTided into four equal 
parta. right an^es : a r%ht ai^e icto ninety eqoal parts, de- 
grees; a degree into sixty equal parts, mimmtes; a minnte into 
sixty equal parts, secomds. Degrees, minates. and seconds are 



•r 



»Afr 



f ^.. an angle <rf 6 deg. ±1^ min. 33 sec. is writtm ^ 29' 33' 

This measure is called degvee-measmre. 

Another absc^nte standard unit is the ai^e at the centre <^ a 
circle that is subtended by an arc equal in lei^th to the radius 
cithR circie. 




This angle, beins subtended bv a radius-src. is caUed a radian; 
and since the half -circle contains r radios-arcs, a radian is a 
«^ part of two right angles, and is constant. Radians may be 
marked ' ; and this measure will be called mai if^iiiea^irre. 

In radios-measur.^ an entire revolotion is expressed by 2x^« 
a half revoluti(m by x^. a right angle by 1 7\ a third of a right 
ai^e by ^x^- — . 

i.e-. ^=lS(f. ix^=9(r. iy=30^ r=5n7'44".8. 

So. r = x^ : 180 = .01 71533% 1 ' = .0002909^. 

The index ' may generally be dropped without misunderstand- 
ing. It most not be mistaken f<»- an exponent. 

Degree-measure is better for the computaticm of triangles; 
and. generally, radius-measure is better for theoretical work. 
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Another measure, used in astronomy and navigation, may be 
called hour-measure. One revolution of the earth on its axis is 
divided into twenty-four hours^ each hour into sixty minutes, 
and each minute into sixt}' seconds. Hours, minutes, and sec- 
onds of hour-measure are marked * "• •. 

E.g., 1*=15°, 1°=4", 1~=15', l'=4% 1*=15". 

Another measure, now seldom used, is grade-measure. One 
revolution is divided into four hundred grades, each grade into 
one hundred minutes, and each minute into one hundred seconds. 
These grades, minutes, and seconds are marked " ^ '\ 

Another measure, used by mariners, is that of points and 
quarter-points. One revolution is divided into thirty -two points; 
and one point is equal to 11° 15'. 

EXAMPLES. 

^p^The signs +, ~, "^ are signs of quality, not of operation. 

[o. w. J. alg. I § 3 

1. Prove that the number of radians in an angle is expressed 

by the ratio of the arc subtending it to the radius of the 
circle, i.e., by the number of radii in the arc. 

2. Express in degree-measure the angles : 

^TT, Itt, ^tt, Itt, 3.1416% -.7854% 1% 1.5% "2% ^-f-K 

3. Express in radius-measure the angles : 

14% 15% 24% 120% 137° 15', "4800% 13', 24". 

4. If the radius be an inch, find the length of the arcs : 

14% 15% 120% 57°17'44".8, 1% iw, ^ir, 2% tt+T. 

So if the radius be five inches. 

5. How many radii in an arc of : 20% 180% 3% 100^? 

6. If the radius be 10 in., find the number of radians subtended 

by an arc of : 13 in., ir in., 10°, 5' 13", 3 quadrants, 100^. 

7. The ansfle 3.42*" is subtended bv an arc of 5.71 in., find: 

the radius ; the arcs opposite ^tt**, 1*", 5° ; the angles in 
radians and in degrees opposite a one-inch arc, a two- 
radius arc, .7854 radius-arc, 5 quadrants, 25*^. 
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8. If the circumference of a circle be 30 in., find the arcs op- 

posite 7r% 30% 3% 20^ 

9. How many radians and how many degrees are subtended 

by : 2i radius-arcs, w radius-arcs, 3^ quadrants? 

10. How many radians in 17° 13' 15", 10% 200^? 

11. Convert into grades, minutes, and seconds : 1', 86° 13' 17". 

13. An angle of three radians at the centre of a sphere sub- 
tends a two-foot arc of a great circle ; find the radius. 

§6. ADDITION OF ANGLES. 

Two or more angles that lie in the same plane are added by 
placing the initial line of the second angle upon the terminal 
of the first, the initial of the third upon the terminal of the 
second, and so on ; and the sum of all the angles so added is 
the angle bounded by the first initial and the last terminal line. 
When a positive angle is added, the terminal line swings for- 
ward ; when a negative angle is added, it swings backward. 

E,g,, in the figure below : 

XOP -{- POX = XOX, XOP -f- POQ = XOQ, 

XOP -I- POQ + QOX = XOX, 

XOP 4- POQ -H QOR H h VOW = XOW, 

XOP + POQ -}- QOR H h VOW + WOX = XOX. 




And this is true whether the angles be positive or negative. 
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E.g,y xop -f POQ is always one of the congruent angles xoq. 
So, if Z, m, n be any three lines in a plane, 







then Alm-\' A mn = Z In. 

So, if l^ m, Tiy '-' Vy s be any lines in a plane, 
then Alm-\- A mn -f- • • • -\- Z.rs = Z.ls 
and Z.lm-\-Z.mn-\- "' -\-Zrs-{-Zsl=:Zll=:2mr, 

wherein n may be or any other integer, positive or negative. 

To subtract an angle is to add its opposite. 



§7. COMPLEMENT -AND SUPPLEMENT OF AN ANGLE. 

The complement of an angle is its defect from a right angle ; 
I.e., it is the remainder when from a right angle the given angle 
is subtracted. 

The supplement of an angle is its defect from two right angles; 
I.e., it is the remainder when from two right angles the given 
angle is subtracted. 

The complement of a positive angle less than a right angle is 
a positive angle less than a right angle ; of a positive angle 
greater than a right angle, a negative angle ; of a negative 
angle, a positive angle greater than a right angle. 

So, the supplement of a positive angle less than two right 
angles is a positive angle less than two right angles ; of a posi- 
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[I, 



tive angle greater than two right angles, a negative angle ; of a 
negative angle, a positive angle greater than two right angles. 

E,g., the complement of 75° is 15° ; of 100° is "10° ; 
of -10° is 100° ; of \ir is Itt ; of 2^ is -f tt. 

So, the supplement of 75° is 105° ; of 200° is "20° ; 
of -20° is 200° ; of \ir is |^ ; of 2ir is --rr. 

In the figure below, xoy is a right angle, xox' two right an- 
gles, xop any angle, poy its complement, pox' its supplement. 







o 





rri 1 I complementary u . u • i u • 

Two angles are \ ^^^^i^ntary ^^«" *''«"^ algebraic sum is 

 one right angle. 
'two right angles. 

examples. 

1 . Find the complements and the supplements of the angles : 

39°, 215°, 107° 12' 15", "36° 12', ^^, f tt, J^tt, "Itt. 

2. Write down the complement of f tt, and the supplement of 

I^TT, in radians, degrees, and grades. 

3. Find the angle, the supplement of whose complement is 1 50®. 



§8.] 
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§ 8. THE BEARING AND DISTANCE OF- A POINT. 

If ox be a given line in a plane and o a given point upon it ; 
then any other point p lying in the plane is determined by join- 
ing OP, and noting the size and sign of the angle xop and the 
length and sign of the line op. 



X' 





XOP is the vectorial angle or bearing y and op is the radius 
vector or distance of the point p, as to the axis ox and the 
origin o. 

The bearing xop and the distance op, taken together, are the 
polar coordinates of the point p. 

But the position op may be reached by turning through either 
of the positive or either of the negative angles xop. 

The point p may also be determined by measuring either of 
the positive or either of the negative angles xop' and the nega- 
tive distance op ; so that for every point there are four pairs 
of polar coordinates wherein the vectorial angle lies between 
-360° and +360° : 

Z+xop, ■•'OP ; Z"xop, +OP ; Z+xop', ~op ; Z~xop', "op. 

E,g, , the same point is determined by the coordinates : 

+60°, +10 ; -300°, +10 ; +240°, "10 ; "120°, "10. 



EXAMPLES. 

Construct the points whose polar coordinates are : 

30°, 10; -330°, 10; 30°, "10 ; 210°, 10; "150°, 10; 
-330°, -10; TT, 8; ir.S] -ir, 8; "tt, "8 ; 0°, 8 ; 0°, -8 ; 
|,r, 4; l^r, -4; -^tt, 4 ; "iTr, "4 ; |ir, 4; "Itt, "4; 
fir, -4. 
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Ho TRIGONOMETRIC FUNCTIONS. 



§1. FUNCTIONS OF A SINGLE ANGLE. 

Let xop be any angle, positive or negative, p any point upon 
the terminal line, and ap ordinate of p as to ox ; 





then OP, OA, ap are the distance, abscissa, and ordinate of p ; 

and the six ratios of these three lines are the six principal 
trigonometric functions of the angle xop, viz. : 



the ratio 


• 


is the 


written 


ordinate : distance 


y: r 


sine of xop 


sin XOP, 


abscissa : distance 


x: r 


cosine of xop 


cos XOP, 


ordinate : abscissa 


y: X 


tangent of xop 


tan XOP, 


abscissa : ordinate 


x: y 


cotangent of xop 


cot XOP, 


distance : abscissa 


r: X 


secant of xop 


sec XOP, 


distance : ordinate 


r: y 


cosecant of xop 


CSC XOP. 



The versed sine and coversed sine are defined by the equa- 
tions : vers xop = 1 — cos xop, covers xop = 1 — sin xop. 

The expressions sin~^a, cos~^a, tan""^a, ••• are anti-functions^ 
and are read the anti-sine of a, the anti-cosine of a, ••• ; they 
mean the angle whose sine is a, the angle whose cosine is a, ••• . 

E.g., if a = sin 0, then $ = sin~^a ; 

if 6 = cos 6, then = cos"^&. 



1, 2, § 1.] 
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CONSTANCY OF FUNCTIONS. 

Theor. 1 . For a given angle the functions are constant. 
For, let xop be any angle, p, p', p", ••• any points on op; 



and let ap, a'p', a"p", 
to ox; 

p 



be ordlnates of p, p', p", ••• as 





X< A A." V 



\ Af 



O /A* A^^ 




then •.• the triangles oap, oa'p', oa"p", ••• are similar, [geom. 
and like coordinates of points upon \ .^ sides of o 

have "{ « 'I signs, and so for the distances ; 
.'. like ratios are equal, both in magnitude and in quality; 



v»e% , 



y : r=iy' : r^ = y" : r'^ = -''^ 



and so for the other functions. 



Q. E. D. 



periodicity of functions. 

Theor. 2. The like functions of congruent angles are identical. 

For, let B be any plane angle ; 

then •.• ~27r, ~47r, ••• '^2n7r stand for one, two,*-** n entire rev- 
olutions, forward or backward, 

.•. the terminal line has the same position for the angles 
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the r's, the afs, the y's may be made identical, each 
with each, for all the angles thus formed ; 

the ratios are identical, sine with sine, cosine with 
cosine, and so on. q. e. d. 



POSITIVE AND NEGATIVE FUNCTIONS. 

Theor. 3. For angles in the first quarter all the trigonometric 
functions are positive. 

In the second quarter^ the sine and cosecant are positive ; the 
cosine^ secant^ tangent^ and cotangent are negative. 

In the third quarter the tangent and cotangent are positive; the 
sine, cosecant, cosine, and secant are negative. 

In the fourth quarter the cosine and secant are positive; the 
sine, cosecant, tangent, and cotangent are negative. 





^i-^^e-? 




For, if r be taken positive ; 

then *.• in the first quarter r, x, y are all positive, [df. 

in the second quarter r, y are positive, and a? is negative, 
in the third quarter r is positive, and x, y are negative, 
in the fourth quarter r, x are positive, and y is negative, 

.'. the qualities of the ratios are as given above, q.e. d. 

And so they are if r be taken negative ; the reader may 
prove. 
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EXAMPLES. 

By direct reference to the definitions and by aid of the figures : 

1. Tabulate the functions of Jtitt, i.e., of 0% 90°, 180°, ••• . 

2. Tabulate the functions of (^n ± ^)7r, i.e., of 30°, 60°, ... . 

3. Tabulate the functions of (n±J)w, i.e., of 45°, 135°, «... 

4. Find sin 225°, 585°, 810°, 960°, Stt, "^:f7r. 

5. Find cos 315°, "675°, 960°, 1110°, ^tt, -87r. 

6. Find tan 495°, "945°, 1110°, "1260°, ^tt, -^ir/ 

7. Find cot 675°, "1035°, 1260°, "1410°, ^tt, -^^ir. 

8. Find sec 855°, "1215°, 1410°, "1560°, ^w, -^^ir. 

9. Find esc 1035°, 1395°, 1560°, "1710°, V^^, "13^. 



180' 



■0' 



270' 





60° • 



4-V3 



135 



+ 1 



-Va -1 



225^ 




300 



10. Find sin-^ =^iV3' 8in-^cos50°; cos-^^^, cos-^sin50°. 

11. Find tan~^ *1, tan~Han^ir; cof^O, cof^cotfir. 
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12. Find sec~^ oo , sec~^ sec f ^ ; csc~^oo , csc~^ esc ^ir. 

13. Construct sin"^^, "J, f, 1, 0; cos~^|, -^, ~1 ; 

tan-^, f, 0, -1, 00 ; cot'^, "f, =*=!. 
E.g. J to construct sin"^^ : 




AlX 



with radius 2 draw a circle about o as centre ; 

on the axis oy take Q such that oq is 1 ; 

through Q draw a parallel to ox, cutting the circle in p, p' ; 

then •.• the ordinates of p, p' are 1, and their distances 2, 

.'.of xop, xop', and their congruents, the sines are ^, 

and there are no other such angles. 

Make a like construction, with given abscissas and distances, 
for the anti-cosines ; 
so with given ordinates and abscissas for the anti-tangents and 
anti-cotangents. 

There are two primary angles for each function. 

14. Show, by geometry, that sin 2^ < 2 sin ^, if0<^<7r. 

15. Divide an angle into two parts that shall have their sines 

in a given ratio, their cosines in a given ratio, •••. 

16. Construct an angle whose tangent is four times its sine. 

17. If i7r<^<iTr, show that tan ^> cot ^. 

18. Find the primary values for a, /3 that satisfy the equations 

sin (3a- 2)8) = 1, sin (4/8- a) = i. 

19. If the radius of a circle be divided in extreme and mean 

ratio the greater segment is the side of a regular inscribed 
decagon : hence find the functions of 18° and of 36°. 
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For 



and 
So 



§2. RELATIONS OF FUNCTIONS OF A SINGLE ANGLE. 

Theor. 4. If She any plane angle ^ then: 

sinO 'C8c$=l^ cos 0' sec 6=1, tan 0* cot 0=1; 
tan $ = sin : cos 6^ cot = cosO: sin ; 
sin^O'^coa^e = l, l-\-tan^O = sec'^O, l + cot'^$ = csc^e, 

• sin = y : Tj cos $ = x: ?•, tan = y: x, 
CSC = r: y^ sec = r: x, cot = x: y^ [df . 

. sm^-csc^=l, cosd-secd=l, tan^-cotd=l; 
tan ^ = sin ^ : cos ^, cot =■ cos $ : sin 6. Q. e. d. 

• oi?'\-y^ = r^^ [geom. 



7^ r^ 






^4-1 — — 



i.e., cos*^ + sin2^ = l, 1 4- tan' ^ = sec^ d, cot* ^ -|- 1 = esc' ^. 
CoR. If 6 he any plane angle ^ then : 



sin = 



sinB 



Vl - co^e 
tan $ 



^tan^e-^ 1 
1 



Vco^2^ 4-1 
-^ see's — 1 



secO 
1 



cosB=^ 



Vl - sin*^ 



cos^ 



^tan^e+\ 
cote 



^cot^e + 1 
1 

Vcsc*^ - 1 



cscO 



tan = 



sin $ 



Vl - sin^e 
yll-co^e 



cos 6 
tan 6 

1 
cotO 

\lse(?e - 1 
1 



Vcsc'^ - 1 



cote = 



Vl - SlV^ 
cos $ 



Vl-cos^^ 

1 
tan$ 

cote 
1 



y/sec^e- 1 
Vcsc'^ - 1 



sec^ = 



Vl-siV^ 
1 

Vto¥+i 
VcoP^Ti 



sece 

csce 



-slcsc^e - 1 



csce = 



1 



Vl-cos*^ 
\ltcur?e^ 



tane 

^/coFeTi 

sece 



-s/sec^e - 1 



-E.gr., ••• secd= V(l+*3.n2^), 

.-. cos ^ = 1 : sec ^ = 1 : V(l + tan^^), 
and sin d = tan ^ cos ^ = tan ^ : V( 1 + tan^ tf) . 
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For a given -l . the -{ . has but one value ; 

=* ' cosecant 'sine • 

J. . I cosine ., i secant v i^ . i 

for a given -{ . the ^ . has but one value ; 

secauu cosine 

J, . I tangent ., , cotangent i i . ' i 

for a given < . ® . the k . ® . has but one value ; 
=* ' cotangent ' taogent ' 

but in every other case there are two corresponding values, oppo- 
sites ; as appears alike from the double signs implied in the 
radicals, and from the relations of the abscissas and ordinates 
of points in the several quarters ; for, with a given distance, 
to every abscissa correspond two opposite ordinates, 

and to every cosine correspond two opposite sines ; 
to every ordinate correspond two opposite abscissas, 

and to every sine correspond two opposite cosines. 

So, with a given abscissa aud ordinate there are two opposite 
distances belonging to two angles that differ by two right angles. 

The formulae, taken two and two, are symmetric. 

JE.g.^ those for sine, in terms of cosine, tangent, secant, ••► 
with those for cosine, in terms of sine, cotangent, 

those for tangent, in terms of sine, cosine, secant, 
with those for cotangent, in terms of cosine, sine, 

those for secant, in terms of sine, cosine, tangent, 
with those for cosecant, in terms of cosine, sine, 

The formulae may also be proved by a geometric method. 

jE,g.^ if cot ^ be given : take as linear unit the consequent of 
the ratio cot ^, (abscissa : ordinate) ; 




cote 



then • . • cot is the length of the antecedent (abscissa) 
and -^^(1 + cot^^) is that of the distance, [geom. 

.-. sin^=l:V(l+cot2^), cos^=cot^: VCH-cot^^) .... 
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So, if sin be given : take as linear unit the consequent of 
the ratio sin $^ (ordinate : distance) ; 




V (1-817*2^) 



then ••• sin ^ is the length of the ordinate 
and ^ ( 1 — sin^ 6) is that of the abscissa, 

.'. t&n 0=8in : ^ (1 — sin*^), 8ec^=l : -y/(1 — sin^d), •••. 

To make the proof general by this method, the reader must 
draw figures in all four quarters, and verify the formulae for 
each figure. They are always true ; but the reader cannot know 
this until he sees that the algebraic processes are independent 
of the quarters in which the figures lie. 



EXAMPLES. 

1...7. Prove the identities : 

1. (sin a cos ^ — cos a 8in)8)^+(cosa cos/8-f sina sin/8)*=l, 

2. sin2 a cos* /? ( 1 + cot^ a) ( 1 + tan* /?) = 1 . 

3. sin* ^ -f cos* ^ = 1 - - 2 sin* ^ cos* ^. 

4. sin^ + cos^ ^ = (sin ^ + cos ^) (1 — sin 6 cos 6) . 

5. sec' esc' ^ — 3 sec ^ esc ^ = tan' 4- cot' 0. 

6. (sin^ + cos^)'+(8in^-cos^)'=2sin^(3 -2sin*^). 

7. sin* ^ = 2 vers ^ - vers* ^. 
8. ..12. Solve the equations: 

S, sin^ + cos^=l. 

9. 3sin^ + 4cos^ = 5. 

10. tan^ + cot^ = 2. 

11. cot^=2cos^. 
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12. 2sm2^-5co8^ = 4. 

13. If cos = tan 0, find sin 0. 

14. If sin cos ^ = m, find sin 0. 

15. Find the remaining functions of ^: 

ifsin^ = f, ^, I; ifcos^ = i, "^V^, if; 
iftan^ = |, ~^, ~|; if cot ^ = ^, f, ""a: 6; 
if sec ^ = |, ff , -fl ; if esc ^ = "2, |, a : 6. 

Either solve by direct reference to the formulae, or, better, 
draw a right triangle two of whose lines are in the given ratio, 
compute the third line, and write down the other ratios. 

E.g,^ if cos =~4 : 5 ; 

with radius 5 and o as centre draw a circle, and with abscissa ~4 



r 



\ 
\ 






K y 



\ 



draw a perpendicular cutting the circle in p, p', whose or- 
dinates are the two values of -^/(S^ — 4^), i.e., +3, ""3 ; 

then the ratios sought are : 

sin^ = ~3:5, tan ^='''3: 4, sec^ = ~5:4, 
CSC ^==^5: 3, cot^='^4:3. 

16. If tan -H cot 6 = m^ find all the functions of 6. 

17. If tan 0=f^ , find the value of -^ + ^ 



^aj cos 6 sin 

18. Eliminate from the equations : 

sin 4- cos ^ = a, tan ^ + sec ^ = 6. 
and find the relation between a and 5. 
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19. Eliminate <^ from the equations : 

CSC <f> — sin <^ = m, sec <^ — cos <l> = n. 

20. Eliminate 0, <f> from the equations : a tan 0=b tan <^, 

a sin* $-\-b cos* d = m, 6 sin' <^ -f- a cos^ <fi = n. 

21 . If tan ^ + sec <^ = a, find sin <^. 



§ 3. GRAPHIC REPRESENTATION OF FUNCTIONS. 



LINE-FUNCTIONS . 



Let XF be any arc with centre o and radius ox, and py the 
complement of xp ; 






through p, X draw ap, xt ordinates as to ox, and through t, p 
draw BY, pt' ordinates as to op, with t, t' on op, oy ; 

then AP, OA, XT, ot are the.sme, cosine, tangent^ secant of the 
arc XP, and by, ob, pt', ot' are the like functions of the 
complementary arc py and the cosine^ sine^ cotangent^ co- 
secant of the arcf xp. 
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These lines are called line-functions of ares as distiDguished 
from the ratio-functions of angles ; and if they be divided by 
the radius, the ratios so found are the ratio-functions heretofore 
defined. With arcs of the same radius the ratios of their line- 
functions are equal to the ratios of the like ratio-functions of 
their angles. 

CURVE OF SINES. 

Let ox be the radius of a circle, and divide the circumference 
into any convenient parts at Pi, P2, ••• ; 




draw AiPi, AgP^, •••, ordinates of Pi, P2 ••• as to ox, and sines of 
the arcs xPi, xpg, ••• ; 

upon ox lay off xbi, XB2, ••• equal to the arcs xpj, xPg, ••• ; 

at Bj, B2, ••• erect perpendiculars to ox and take Ci, C2» ••• such 
that BiCi = AiPj, B2C2 = A2P2 ••• ; 

through Ci, C2, ••• draw a smooth curve ; it is the curve of sines ^ 
and the following relations are manifest : 

The sine is for the angle ; is nearly as long as the arc 
for a small angle ; increases more and more slowly ; is equal 
to the radius and its ratio is "'"1, its maximum, for a right 
angle ; decreases, at first very slowly, but faster and faster as 
the angle approaches two right angles ; is for two right 
angles ; decreases from )iO the opposite of the radius and its 
ratio is ~1, its minimum, as the^ angle grows from two right 
angles to three ; increases to as the angle grows from three 
right angles to four ; is again at the end of the first revolu- 
tion. It has all values between the radius and its opposite. 
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If the revolution be continaous, the values of the sine are 
periodic, every successive revolution indicating a new cycle, 
and a new wave in the curve. The sines are equal for pairs of 
angles symmetric about the ^-axis. 

OTHER TRIGONOMETRIC CURVES. 

The tangent is for the angle ; increases through the first 
quarter to '*"oo ; leaps to ~qo ; increases through the second 
quarter to ; increases through the third quarter to "•"oo ; leaps 
to "00 ; increases through the fourth quarter to ; and so on. 
It has all values from "oo to "'"oo . The tangents are equal for 
pairs of angles that differ by a half -revolution. 

The secant is equal to the radius and its ratio is "^1 for the 
angle ; increases through the first quarter to "^ oo ; leaps to 
~oo ; increases through the second quarter to the opposite of 
the radius and its ratio is ~1 ; decreases through the third quar- 
ter to ~oc ; leaps to +oo ; decreases through the fourth quarter to 
the value at beginning ; and so on. It has no value smaller 
than the radius. The secants are equal for pairs of angles 
symmetric about the a;-axis. 

The cosine, cotangent, cosecant have the same bounds as the 
sine, tangent, secant; they go through like changes and are 
represented by like curves ; but they begin, for the angle 0, 
with different values, viz. : the radius, oo, oo. 

EXAMPLES. 

1. Show directly from the definitions what are the largest and 

what the smallest values that each function may have, 
and state for what angles the several functions take these 
values. 

2. Draw the curve of tangents, curve of secants, curve of 

' cosines, curve of cotangents, and curve of cosecants. 

3. Trace the changes, when B increases from to 2 tt, in : 

sin B -f cos ^, tan B + cot d, sin B + esc ^, 
sin B — cos B^ tan B — cot ^, sin B — esc B, 
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§4. FUNCTIONS OF RELATED ANGLES. 

In the theorems that follow, the reader may examine the 
different figures and apply th€ proofs to each of them ; he will 
find no angle in any quarter to which they do not apply, and 
thus he will see that they are general. In particular, he may 
note the qualities of the lines for angles in the different quarters. 



FUNCTIONS OF NEGATIVE ANGLES. 

Theor. 5. IfObe any plane angle, then: 



sin — ^ = — sin 0, cos —0 = -\- cos $, tan -^0 z=z — tan 0, 

CSC — 6 = — CSC 0, sec — ^ = + sec 0, cot —0 = — cot 0, 

For, let xop be any plane angle d, and take q symmetric with 
p as to ox ; 

p 



X' o 




o JH 




i/»e» ' 



v •(/. 



XOQ = — XOP = — ^, 

the distances of p, q are equal, their abscissas identi- 
cal, and their ordinates opposite ; [geom. 

2/, always, 



r' = r, a;' = a:, y^ = 



y^ : r' = -'y : r^ 



x' : r' = x: r, 



y' : ic' = — 2/ : a?, 



sin — ^ = — sin 0, cos — 0= cos $, tan— ^ = — tan Oy 



and so for the other functions. 



Q. E.D. 
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FUNCTIONS OP THE SUPPLEMENT OF AN ANGLE. 

Theor. 6. If She any plane angle ^ then: 



simr—0=-\-sin$^ cos7r—6=—co8 0^ tan'n—Osss^tanO^ 



CSC IT— 6= -\-csc 0^ sec ir—6= —sec $^ cot tt— ^= —cot 0. 

For, let xop be any plane angle ^, and take q symnaetric with 
p as to OY ; 







then 
and 



v*e» 



XOQ = TT — ^, 

the distances of p, q are equal, their abscissas oppo- 
site, and ordinates equal, 

r^ = r^ x' = — X, y' = y^ always, 



yl , ^f -.y , y^ 



X* : r' = — X : r, 



y' : x^ =^y: — a;, 



sin7r--^=sin^, costt— ^=— cos^, taiiTr— ^=— tan^, 



and so for the other functions. 



q.e.d. 



Note. If from some point on ox' a perpendicular fall on op, 
the theorem may be proved directly from the supplementary 
angle pox'. 
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FUNCTIONS OF IT + tf . 

Theor. 7. IfObe any plane angle^ then: 



sin ir-\-6 = — 8in$^ cosir-\-B=— cos $^ tan tt + ^ = 4- tan ^, 



C5C TT + ^ = — CSC ^, sec TT-j- $ = — sec 0, cot tt -{-$ = + cot 0. 

For, let xop be any plane angle ^, and take q symmetric with 
p as to the centre o ; 







then ••• xoQ = 7r+d, 

and the distances of p, q are equal, their abscissas oppo- 

site, and ordinates opposite, 

i.e., •.• r^ = r^ «' = — «, y^^ — y^ always, 

.-. y : r' = ~2/: r, oj' : r' = — 05: r, y': «'=— y :— a?, 



i.e., sin7r+^=— sin^, cos7r+^=— cos^, tan7r+^=tan^, 

and so for the other functions. Q. e. d. 

Note. Since 7r + ^ is the supplement of — tf, the theorem 
follows directly from ths. 5, 6. 
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FUNCTIONS OP THE COMPLEMENT OP AN ANGLE. 

Theor. 8. IfObe any plane angle, then: 

sin CO' = cos $, cos co-O = sin 6, tan co- = cotO^ 
C8C CO' = sec Oy sec cO'$ = csc 0, cot co- $ = tan 0, 

For, let xop be any plane angle ; take Q symmetric with p as 
to the bisector of the first quarter, so that toq = — 0; 



X'*" 




OA B T W 






then ••• xoQ = ^7r — ^, and oq = op, 

and the abscissa of q is equal to the ordinate of p, and the 

ordinate of q to the abscissa of p, 



v*e * I 



r' = r. 



aj' = 2/, 2/' == ^? always, 



y' : r' = x: r, 



x^ : r* = y : r. 



y' : x^ = x: y, 



i.e. , sin co- 0= cos d, cos co- = sin tf , tan co- = cot d, 

and so for the other functions. q. e. d. 

Note. The word cosine stands for complement-sine, sine 
of complement ; so for cotangent and cosecant. 
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FUNCTIONS OP iir-hO. 

Theor. 9. If 6 he any plane angle, then : 



sin ^ir-^O^ 4- cos 0, cos ^tt -h^= — sin 0, tan ^w +d= — cot $, 
CSC ^TT •\-0=-\-secO, sec^ir -\'B=^^csc B^ cot \ir-\-0^—tan$. 



For, let xop be any plane angle $, draw OQ so that yoq 
and take oq = op ; 



= XOP, 
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then ••• xoQ = ^tt + ^, and oq = op, 

and the abscissa and ordinate of p as to ox are equal to 

the abscissa and ordinate of q as to oy, and equal 
to the ordinate and the opposite of the abscissa of q 
as to ox, 

.• r^ = r, a;' = — y, y^ = x, always, 

• . y' : r' = X : r, x' : r' = — y : r, y' : x' ^ — xiy, 



v*C« , 



i.e. J sin^7r4-^ = cos ^, cos JttH-^ = — sin d, 

and so for the other functions. q. e. d. 



9. § 4.] 



FUNCTIONS OF RELATED ANGLES. 
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EXAMPLES. 

1...6. In functions of positive angles less than a right angle 
express the values of : 

1. sin 135°, 335% "535% 735% 2jl^, 

-635% -835% ^TT, 

-735% -935% ^iTy 

-835% 1035% iU,r, 

-935% -1135% 



2. cos 235** 

3. tan 335° 

4. cot 435° 

5. sec 535° 

6. CSC 635° 



7.. .12. In 
than half a r 

7. sin 50° 

8. COS 60° 

9. tan 70° 

10. cot 80° 

11. sec 90° 

12. CSC 100° 



435°, 
535°, 
635°, 
735°, 



dir. 



"5ir. 



835% -1035°, 1235% ^ir, "^^ir. 

functions of zero or of positive angles not greater 
ght angle express the values of: 



150°, 

160°, 
170°, 
180°, 
190°, 
200°, 



O — 



250°, 

260°, 

—nnno — otao 



TJ'T, 



350°, 
360°, 
370°, ^^, 



t\^^ 



380°, ^ir, 
390°, H^, 

400°, II TT, 



270°, 
280°, 
290°, 
300°, 
13.. .16. Find all the values of $ : 

13. when sin ^ = — sin a, ^sin^a, y'cos^a. 

14. when cos d = — cos a, y'cos^a, -Y/sin^a. 

15. when tan d = -- tan a, ^tan^a, -Y/eot^a. 

16. when cot = — cot a, -y/cot^ a, y^tan* a. 



47P. 

67r. 

¥-■• 



even 



17. A fanction of the sum or difference of 6 and an •{ , , 

CO rrtp 

multiple of ^TT is as large as the { function of 0. 

18. Prove vers (180 - a) + vers (360 — a) = 2. 

19. Prove cos^ a -f cos^ (90 + a) + cos^ ( 1 80 + a) 

+cos2(270 + a) = 2. 

20. What values of x satisfy the equation sin 2x= cos 3aj? 
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[II. ths. 



§5. PROJECTIONS. 

Theor. 10. The •{ yZ^r^J-pM-Q ^f ^ ^*wi^6<^ straight line is the 

product of the line by the -{ . of its angle with the X'a>xis. 

sine 

For, let ox, oy be the axes, let tr be any line meeting ox in t 
and let pq be any segment of tr ; 

draw AP, BQ perpendicular to ox, and cp, dq perpendicular to oy ; 
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then aj-pro j . pq = ab = tb — ta 

= (tQ — TP) cos XTR = PQ COS XTR, [df . COS. 

and y-proj. pq = cd = od — oo 

= (tq — Tp) sin XTR = PQ sin xtr. q. e. d. 

Cor. The { "^ ^ , . of a broken line is equal to the sum of 
' y-projection ^ . 

the products of the parts^ each multiplied by the -{ . of its 

angle with the x-axis. 

Example. Let Z, m be two lines, and a a segment of I ; pro- 
ject a on m, this projection on Z, this on m, and so on, and 
find the sum of all the projections on m. 
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§6. FUNCTIONS OF SUMS AND OF DIFFERENCES. 

Theob. 11. (Addition-theorem.) If$^ ff he any two plane angles^ 

then sin ±0' ^sinO cos 0' ± cos sin 6\ 
cos ±0' = cosO cos 0' q: sin sin $\ 
For, let xop, poq be any two plane angles 6^ $' ; 
through p draw pr normal to op, cutting ox, OQ in h, k ; 






then ••• xoQ = ^-f-^', xHR = |7r + ^, 
and 



and 



OK sin 6 -{- 0' = OP sin -{- pk sin ^tt -h ^ 

= OP sin ^ + PK cos $, 
OP = OK cos 0\ PK = OK sin 6' J 



[constr. 

[th. 10, cr. 

[th.9 

[df. 



.*. OK sin ^ -f ^' = OK sin cos 0' + ok cos sin 6'^ 
. •. sin ^ + ^' = sin ^ cos 6' + cos sin 0' ; q. e. d. 



.•. sin ^ — ^' = sin ^ cos — 0' -\- cos $ sin — 0' 

= sin $ cos 0' — cos sin 0^, Q. e. d. [th. 5 



So, 



••• OK COS ^ -h ^' = OP cos ^ -f- PK COS J TT -f ^ 

= OP COS ^ — PK sin 

= OK cos COS 0' — OK sin 6 sin 0\ 
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.•. COS O-^-O' = COS 6 cos 0' — sin sin 0' ; 

.*. cos — 0'== cos cos ^' + sin sin d'. [as above 

CoR. 1 . sin (0 + 0') + M'n {0 — 0')= 2 sin ^ cos 0\ 
sin (0 + 0') - sin {0 — 0')= 2 cos sin 0\ 
cos (0 + 0') + cos (0 — 0') = '2 cos cos 0\ 
cos (0 -h 0') — cos {0-0') = -2 sin sin &. 

tan ± tan 0' 



CoR. 2. tanO±0' = 



1 If tan tan 0' 

sin cos 0' ± cos sin 0' 



For tan ± 0' = " "" " , " " ; " [th. 4, above 

cos ^ COS 0' If sin ^ sm ^' 

tan ^± tan ^' pj- u a At 

[div. by cos ^ cos 



1 q: tan ^ tan 0' 

The reader will note the complete generality of ths. 10, 11, 
and the consequent generality of all the theorems and corollaries 
that follow and depend upon them. Considering the great im- 
portance of th. 11, he should write out each of the four equa- 
tions involved, so that it may stand out clearly by itself ; and 
he should translate these equations into words and commit them 
to memory. This suggestion as to translation may apply to 
many other theorems that are given only in formula. 

CONVERSION FORMULA. 

Theor. 12. If 0^ 0' be any two plane angles ^ then : 
sin 0'^sinO'= 2 sin ^ + 0' cos i — 0', 
sin - sin 0' = 2 cos J 0-^0' sin | 0^^, 
cosO-+cosO'= 2 cos i 0-^0' cos^O"^^, 
cosO — cosO' = -2 sin | -{- 0' sin 1 0^^. 



For •.• ^O-^O'+iO-O'^O, ^o + 0'-\0^^=0', 
and sin (^f+O' + iO~^') + sin (|^ T^ - iO^^') 

= 2 sin iO -f 0' coaiO^^', [th. llcr. 1 
.-. sin ^ -f sin ^' = 2 sin ^0 + 0' cos ^(r^; 
and so for the rest. q. e. d. 
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Geometric proof. Let xop, xoq be any angles 0, $\ and 
let OR bisect Z qop ; 

draw Ks normal to or, and catting ox, op, oq, or in h, l, m, k ; 




then ••• ZxoR = i(^ + ^'), Z ROP = i(^-d'), 

Z RKS = ^TT, Z XHL = ^TT -f- i(0 -f $') , 

and aj-proj. ol — a;-proj. om = 2a;-proj. kl, 

• •. OL cos ^ — OM cos ^' = 2 KL COS [^tt + i(0 -f ^')] 

= - 2 OL sini(^ - (9') sini(^ H- ^'); 
and ••• OL = OM, 

.-. cos ^ - cos ^' = - 2 sin i{0 + 0') sini(d - $') ; 

and so for tl)e other tbree equations. q. £• d. 



EXAMPLES. 



1. If ^, 0' be any two plane angles, show that : 

sin OTO" sin 6^^ = sin^ - sin^ 0' = cos^ 0' - cos^ 0, 
cos 6^^ cos 0^^= cos2 - sin'^ d' = cos^ 0' - sin^ d. 



2. Divide sin ^ ± d', cos ± 0' each in turn by : 

cos 6 cos ^', sin sin ^', cos $ sin ^', sin ^ cos $' ; 
and express the results in terms of tan 0, tan ^', cot ^, cot ^'. 

3. In terms of tangents and cotangents, find the values of : 

sin + sin 0' sin $ - sin 0^ sin + sin ^' 
cos + cos ^' cos -f cos ^' cos — cos ^' 

sin — sin ^' sin 4- sin ^' cos -f cos ^' 

,— , — , . 

cos — cos 0' sin 6 — sin 0' cos ^ — cos 0^ 

4. If sin d = .2, sin ^' = .3 ; find sin (^ ± ff) , cos (^ ± ^') . 
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5. From the functions of 30° and 45** find those of 15°, 75°, 

105°, 165°, 195°, 255°, 285°, 345°. 

6. sin-i X ± sin-^ y = sin"^ [x^{l -f)±y V(l - a?)]- 

7. co8~^ X ± cos"^ y = cos~^ \xy q: V(^ "" ^ ~ 2^ + ^V)]- 

8. tan"^a; ± tan"^y = tan"^ [(x ± y) : (1 ^ icy)]. 

9. ^7r = 8in-^f + sm-4 = 8in-i3^-|-8m-i|f. 

10. J^ = tan-^l = tan-^i4-tan-*|. 

= tan-^ ^ + tan-' \ + tan'^ ^ = 2 tan"' \ + tan"^ |. 

11. Show that sin 28° -f sin 14° = 2 sin 21° cos 7°, 

sin 28°- sin 14° = 2 cos 21° sin 7°, 
cos 28°+ cos 14° = 2 cos 21° cos 7°, 
cos 28°- cos 14° = - 2 sin 21° sin 7°, 
sin 80° - sin 20° = cos 50°, 
sin 75°— sin 45° = sin 15°. 

12. In ex. 3, let = 60°, ^' = 45° ; find tan 52° 30', tan 7° 3Q'. 

13. Prove the identities : 

sin ^ -f sin 3^ -f sin 5^ + sin 7^ = 4sin 4^ cos 2^ cos ^, 
cos e + cos (120 4- ^) -f- cos (120 - ^) = 0, 
sin^ 10° - cos2 190° ^ ^os 200°. 

14. Solve the equations : cos 3 ^ + cos 2 ^ + cos ^ = 0, 

sin~^ 3 a; -h sin~^ 4 a; = ^tt, tan~^ 2 a; + tan~^ 3 a; = ^tt. 

15. If A, B, c, D be any four plane angles, sin (a— b) sin (c— d) 

+ sin (b— c) sin (a— d) + sin(c— a) sin (b— d) = 0. 



§7, FUNCTIONS OF DOUBLE ANGLES AND HALF-ANGLES. 

Theok. 13. If he any plane angle, then: 

sin 20=2 sinO cos 0, 

cos 20 = COS'S-- sin^0 = 2 cos^0-\ = l-2 sin^O, 

tan20=2 tan : {1 — tan^O). 
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For sm2^ = 8m^ + ^ 

= sin ^ cos ^ -I- cos ^ sin tf [th. 11 

= 2 sin ^ cos $. Q. E. D. 



So cos 2 ^ = cos ^ + ^ 

= cos^ cos^ — sin^ sintf [th. 11 

= cos' 6 — sin^ B 

= cos^ ^ - (1 - cos^ ^) = 2 COS* ^ -1, 

= (l-sin2d)-sin*^ =l-2sin*^. q.e.d. 



So tan2^=tan^H-d 

tan ^ -h tan ^ 2 tan ^ „ ,. r+i. 1 1 «,. o 
=  = — -• Q.E.D. tn. 11 cr. £ 

1-tan^tan^ l-tan^d "- 

Cor. sin $=2 sin ^6 cos^ 0, 

cosO = 2 cos^ id -1 = 1 -2 »in^ id ; 

l + co8e=2co^ie, l-cos0 = 2sin^e. 



Theor. 14. If be any plane angle, then : 

' 1 A (1 — 008$ 1/1 II H 

sini$=^ J cosf6=z \ — ! 



1/1 |1 — cos sin 1 — cos 
taniO=^- 



-\-cosO 1 + cos 6 sin $ 
For • . • 2 sin' |^ = 1 - cos ^, [th. 13 cr. 

So ••• 2cos2^^=l+cos^, 



in |1 — COS ^ T, T. 

sin ^6^=^ I • Q.E.D. 



1 fl (1 + cos ^ ™ T^ 



A J A. 1/1 sin^^ 1— cos^ 

And tani^ = t-^ = -%,' t,^ 

^ co&iO \H-cos^ 



^ 2 sin i^ cos i^ ^ sin^ ^ ^^^ ^3 ^^^ 

2cosH^ 1-hcos^ •■ 

2 8inH^ l — costf ^ „ X. 

= ^ = • Q.E.D. 

2sin^^cos^^ sin^ 
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EXAMPLES. 

1. sm(2sin-^«) = 2a;V(l-«2). 

2. tan(2tan-^a?) = 2a;: (1-a^). 

3. ..5. If A -f B + c = TT, prove that : 

3. sin 2 A + sin 2 B + sin 2 c = 4 sin a sin b sin c. 

4. sin A + sin B -J7 sin c = 4 cos ^ a cos ^b cos |-c. 

5. cos A 4- cos B + cos c = 4 sin ^a sin ^b sin ^c + 1. 

6. sin^=2tan^^:(l+tanH^); 

cos (9 = (1 - tanH^) : (1 + tan^ i^) . 

7. If a sin d + 6 cos 0= c, find tan i 0. 

8. sini7r = iV(2-V2), cosi7r = iV(2 + V2)- 

9. If tan A = y'S, find the two values of tan ^ a. 
1 0. . . 1 3 . Prove the identities : 

10. csc2^ + cot2^ = cot^; cos ^= cos* ^^ — sin* ^d. 

11. tan(i7r-i^) + cot(j7r-i^) = 2sec^. 

12. (cos + sin 0) : (cos 6 — sin ^) = tan 2 ^ + sec 2 0. 

13. tan^ (Jtt -h i^) = (sec -f tan 0) : (sec 6 — tan 0) . 

14. If (1 + € cos ^) (1 — c cos <^) = 1 - c^, show that 

tan|^: tani<^ = V(l +0 • V(l - 0- 

*§8. FUNCTIONS OF MULTIPLE ANGLES. 

I^^For a full discussion of imaginaries, see o. w. j. alg., X. 

Theor. 15. If ^1, $2^ ••• On he any n plane angles^ and if i 
stand for V-^' ^'^^^ 

(cos $1+ i sin Oi) {cos ^2+ ** ^^^ ^2) ••• (cos 0^-\- i sin 0^) 
= cos (^i-h $2+ — + On) 4- i sin ($1+ ^2+ — + ^n)- 
1. The theorem is true when n = 2. 
For (cos Oi+i sin ^1) (cos ^2+ * sin O2) 

= (cos Oi cos $2 — sin Oi sin ^2) +* (sin $1 cos ^j+cos Oi sin O2) 
= cos ($1+ 62) + i sin (Oi-\- 0.,) . q.e.d. [th. 11 
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2. If the theorem he true for n = k, it is true for n = k + l. 
For if (cos ^1-1- i sin ^i) ••• (cos d»-|- i sin 6^) 

= cos(^iH h^»)4-»8in {Oi-\ j-^*), v[hyp. 

then (cos 6i -|- 1 sin ^i) • • • (cos ^* -f i sin 6^) (cos ^^+1 + i sin O^^i ) 

= [cos (^1 + ••• -f- ^*) + * si^ (^i H 

+ ^j)] (cos e„+i+ i sin ^*+i) 

= cos (^i4---f ^*+ ^*+i) + i sin(^i4---+^*4-^*+i)- 

3. 2%6 theorem is true universally, ^' ' 

For ••• it is true for n = 2, [1 

.". it is true for n = 2-1-1 = 3, for 3 + 1=4, ••-. q.e.d. [2 

Cor. sin (^i+ ^2 H h ^n) 

= cveff. ofi in (cos ^i-f i sin ^1) • • • (cos ^»+ i sin 0^) , 

and cos(^i + ^2H h ^n) 

= reaZ part of (cos Oi + i sin ^1) • • • (cos ^,^ -|- i sin 0^) . 

E.g. , sin (^i + ^2 + ^s) = sin ^1 cos O^ cos ^3 4- cos $1 sin ^2 cos ^3 

-I- cos Oi cos $2 sin ^3 — sin $1 sin ^2 sin ^3» 
and cos ( ^i + ^2 + ^3) = cos $1 cos ^2 cos ^3 — cos ^1 sin O2 sin 0^ 

— sin $1 cos ^2 sin Os — sin ^1 sin O2 cos ^3. 

Theor. 16. (De Moivre's theorem.) Ifnbe any commensur- 
able number^ tlien : 

(cos 6 -\^i sin 6Y — ^^ n$ -{-i sin n 0. 

(a) n a positive integer : 

A corollary of th. 15, with the angles all equal. 

(b) n a negative integer^ — m : 

For ••• (cos^ + i sin^)(cos^ — i sin^) = co8^^ + sin^^ = 1, 

and (cos 6 + i sin 0) (cos 0-{-i sin ^)-^ = 1 , [df . neg. pwr. 

. • . (cos -\- i sin 0) ^= cos 0—i sin ^= cos — B-^i sin — 0, 

.-. (cos e + i sin Oy = [(cos -f i sin 0) -^]"» 



= (cos — ^ -f t sin — $) 



m 



= cos — m ^ f- i sin — m ^ [ (a) 

= cos wd+ I sin n^. q.e.d. 
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P 
(c) 71 a fraction^ -, positive or 7iegative : 

For ••• cos$ + ismO=(coQ- + iam-h [(ct) 

1 , 

. • . one value of (cos O-k-i sin 0) « is cos - H- 1 sin -? 

.'. one value of (cos 0-\-i sin BY is cos — -|- i sin --• 

CoR. 8innO = coeff, of i in (cos 6 -{-i sin 6)* ^* 

= nsinO cos^~^ $ — Can sin^ cos^~^ 

H- c^n sin^ cosl^~^ ^ — •••, 

cosn6=^ real part of (cos 0-\-i sin ^)* 

= co^ — CgTi sin^B co^~^B + c^n sin*B co^'^B — ••• ; 

wherein c^w = n(n — 1) ••• (n — r H- 1) : r !, the number of combi- 
nations ofn things taken r at a time. 

E.g., sin3^ = 3sin^ co82^-sin»^=3sm^-4sin5/9, 

cos36^= cos^^ — 3 cos^ sin^^ = — 3 cos fl -h 4 cos' tf , 
sin4^=4sin^ cos*^ — 4sin®^ cos^ 

= 4 sin^ cos B — S ain^B cos B^ 
cos4^ = cos^tf - 6 sin* B cos^B -h ain^B 

= l-8cos2^ + 8cos*^, 
sin 5^ = 5 sin ^ cos*^ - 10 sin»^ cos^tf + sin*^ 

= 5 sin ^- 20 sin»^ + 16 sin*^, 
cos5^ = cos*^ - 10 sin* B co^B + 5 sin*^ cos B 

= 5 cos ^ — 20 cos' ^4-16 cos'^. 

EXAMPLES. 

1...3. If A H- B H- = TT, prove that : 
1. tan Ja tan ^b H- tan ^b tan ^c + tan ^c tan ^a = 1. 

2. cot A + cot B + cot C = cot A COt B COt C -f- CSC A CSC B CSC C. 

3. tan A 4- tan b + tan o = tan a tan b tan c. 

4. sin (3 sin"^ a?) = 3 a? — 4 ic'. cos (3 cos"^ a?) = — 3 as + 4a?. 

5. tan(3tan-^a?) = (3aj-aj»):(l-3a^). 
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6. tan 3^ = (sin ^ -f sin 3 ^ -|- sin 5 ^) : (cos ^+ cos 3 ^+cos 5 0), 

7. If ^, 0* be any two plane angles, and n any integer, then 

[sin^ -f sin (0 -h 0') 4- sin {0 4- 2^') + sin (0 4-3^') -f--- 

+ sin {0 + tTTi ^')] . 2 sin ^6' 
= cos (O-iO')- cos (0-\-n^0'), 
[cos + cos (0 + $') + cos (^4-2 0') -f cos (^ + 3 (?') 4- • • • 

4- cos (6 + n-1 ^')] . 2 sin ^^' 
= sin (6 4- ^^ ^') - sin (0 -iff). 
S. From the results of ex. 7, prove that : 

sin^ + sin fo -f K^ +.^' + Binfo-^ ^^^'^^K \ = 0. 

cos e + cosfe 4- -tt") H [-cosfo ^ 2(n-l) \ ^ ^^ 

wherein n is any positive integer. 

"9. In the results of ex. 8, take n = 3, and prove that : 
sin H- sin 60^-^ - sin 60°+^ = 0, 



cos $ — cos 60°- ^ - cos 60° -f 6^ = 0. 
10. In the results of ex. 8, take n = 5, and prove that : 



sin(9-|-sin72°-f6'-fsin36°-^-sin36°4-^-sin72°-^=0, 
cos^4- cos72°4-^-cos36°-^-cos36° 4-^-1- cos 72°-^=0. 

11. Show that the formula found when 7i = 3 verifies the sines 

and cosines of all angles in the first quarter, if to be 
given values from 0° to 30° ; and when n = 5, if to ^ be 
given values from 0° to 18°. 

12. In the results of ex. 8, take n = 9, 15, 25, 27, 45, and 

thence find other formulas of verification. 

13. Prove that tan (^i 4- ^2 + ^s + • • •) 

= («i — «s + «5 ) • (1 — «2 4-«4 )y 

wherein s^ = the sum of the products of tan ^1, tan $2^ tan ^3, 
• •*, taken r at a time. 

14. If ^1 4- ^2 + ^3 H- ^4 = ^T, m any integer, then Si =«8» 
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III. PLANE TRIANGLES. 



§1. TRIGONOMETRIC TABLES. 

The values of the trigonometric functions of certain angles 
have been given [II § 1] ; and by methods shown later [V § 3] 
they may be computed for any angle. Such values taken at 
regular intervals, and arranged in order for convenient use, 
form a trigonometric table. The functions themselves, by way 
of distinction, are called natural functioiis, and their logarithms, 
logarithmic functions. 

In making up and using the tables the. following principles 
are of service : 

1. The functions of an angle and the co-functions of the com- 
plementary angle are identical. [II th. 8 

2. The functions of an angle and of its supplement are either 
equal or opposite. [11 th. 6 

3. The functions of an angle are equal or opposite to the 
co-functions of the same angle less a right angle. 

4. The functions of every angle are equal or opposite to the 
functions of some angle in the first quarter. [Ilths. 2, 5-9 

5. For angles that differ very little, and are not near the end 
of a quarter, the differences of any function are very nearly 
proportional to the differences of the angles. The reader may 
observe the property last named if he will examine the tables. 

The tables are therefore made up for angles in the first quar- 
ter only, and they are so arranged that every tabular number 
stands for the co-functions of a pair of complementary angles, 
the one lying between 0° and 45°, the the other between 45° 
and 90°. 

E.g., .44098 = nat-sin 26° 10' = nat-cos 63° 50'. 

So, .24415 = log-tan 60° 20' = log-cot 29° 40'. 
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In an ordinary table, giving the functions at intervals of single 
minutes, there are several columns of functions : one with the 
word sine at the top and cosine at the bottom, another with 
the word cosine at the top and sine at the bottom, and so on. 

Of the pairs of complementary angles in the first quarter that 
correspond to any one value, one, generally that which is less 
than 45°, has its degrees at the top and minutes at the left side 
of the page ; the other, greater than 45°, has its degrees at the 
bottom and minutes at the right side of the page. 

The names of functions standing at the ^ u ?4. of a column 
go with the degrees at the ^ u ?I If angles of both the 

first and second quarters appear in the table the minutes at the 
^ . , . side of the page go with the degrees at the -{ ,. , . side. 

In some tables columns of differences for seconds follow the 
columns of functions; they are found by dividing the differ- 
ences of consecutive logarithms, i.e., the differences for min- 
utes, by 60. Their use appears in an example on page 45. 
Logarithms with negative characteristics are usually modified 
by adding 10. 

PrOB. 1. To TAKE OUT A FUNCTION OP" A GIVEN ANGLE. 

Find an angle in the first quarter whose functions^ or co-funC" 
tionSj are the same (numerically) as the functions of the given 
angle ^ then; 

(a) If the angle he given in degrees and minutes: 

Find the degrees at the -{ x^ ^^ of the page and the minutes at 

left under 

the -{ J*^i^f side; and -{ the name of the function and oppo- 

site the minutes read the function sought, 

E,g,, to take out nat-sin 26° 10' : 

Under nat-sin and 26° and opposite 10' on the left, read .44098. 
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So, to take oul nat-cos 116° 10' : 

Find sup. 116° 10', i.e., 63° 50' ; then over nat-cosine and 63° 
and opposite 50' on the right, read ".44098 ; 

or, better, throVr out 90°, and take out nat-sin 26° 10'. 

So, to take out log-tan 60° 20' : 

Over log tangent and 60° and opposite 20' on the right, read 
0.244415. 

So, to take out log-cot 150° 20' : 

Find sup. 150° 20', i.e., 29° 40' ; then under log-cotangent and 
29° and opposite 40' on the left, read 0.244415 neg. ; 

wherein the word ''neg." shows that the natural cotangent is 
negative and that 0.244415 is the logarithm of its numeri- 
cal value ; 

or, better, take out log [- tan (150° 20'- 90°)]. 

(b) If the angle be given in degrees, minutes, and seconds : 

Take out the functions of the two nearest tabular angles be- 
tween which the given angle lies, as in (a) ; and to the function 
of the less angle add such part of the eoccess (positive or negative) 
of the function of the greater angle over that of the less as the 
seconds are a part of one minute. 

In sines and tangents this excess is positive and the correc- 
tion is really added ; in cosines and cotangents it is negative 
and the correction is subtracted. 

E.g., to take out nat-sin 26° 10' 25" : 

then •.• nat-sin 26° 10' = .44098, nat-sin 26° 11' = .44124, 

and .44124 - .44098 = .00026, 

.-. nat-sin 26° 10' 25" = .44098 + 26 • 25 : 60 

= .44098 -f .00011 = .44109. 

In practice write only the function of the less .44098 

angle, make the subtraction mentally, and apply + 11 

the proportional correction : .44109 

So, to take out nat-cos 63° 49' 35" : .44124 

- 15 

.44109 
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So, to take out log-tan 60° 20' 35" : 0.244415 

wherein 4.89 is taken from the column of differences of tangents, 
and is the difference for 1" in that part of the table. 

So, to take out log-cot 29** 39' 25" : 0.244709 

4.89 X 25 = 122 =2jJ| 

PROB. 2. To TAKE OUT THE ANGLES CORRESPONDING TO A 
GIVEN FUNCTION. 

(a) The function found exactly in the table: 

If the name of the function he found at the ^ r^^ of the 

column, read the degrees at the \ j. ff of the page and the 

minutes that lie opposite the function at the \ /, . side. 

JE.g,, to take out nat-sin"^ .44098 : 

then •.• .44098 stands under nat-siwe and 26° and opposite 10' 
at the left, 

.'. the angle sought is 26° 10', or its supplement, 153° 50', 
or any angle congruent to either of them. 

So, to take out nat-cos"^ ".44098 : 

then •.• .44098 stands over nat-cosme and 63° and opposite 50' 
at the^right, 

.'. the angle sought is sup. 63° 50', i.e., 116° 10', and its 
opposite, or any angle congruent to either of them. 

So, to take out log-tan"^ 0.244415 : 

then the angle sought is 60° 20', or its negative supple- 
ment, or any angle congruent to either of them. 

So, to take out log-cot~^ 0.244415, neg. : 

then the angle sought is sup. 29° 40', i.e., 150° 20', or the 
negative supplement of 150° 20', or any angle con- 
gruent to either of them. 
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(h) The function not found exactly in tJie table: 

Take out the next less and the next greater tabular furustion^ 
and to the smaller angle add such part of sixty seconds as the 
difference between the function of the less angle and the given func- 
tion is apart of the difference between the two tabular functions, 

E.g., to take out nat-sin~^ .44109 : 
then •.• nat-sin-^ .44098 =26^10', nat-sin-^44124 = 26° 11', 
.-. nat-sin-^ .44109 = 26° 10' + 60" • 11 : 26 

= 26° 10' 25" or 153° 49' 35" 
So, to take out nat-cos*^ ".44109 : 
then ••• nat-cos-^ .44098 = 63° 50', nat-cos-^44124 = 63° 49', 
.-. nat-cos-i .44109 = 63° 49' -f 60". 15 : 26 = 63° 49' 35", 
.-. nat-cos-^ -44109 = sup. 63° 49' 35" = 116° 10' 25". 

So, to take out log-tan"^ 0.244586 : 
then the angle sought is 60° 20' -f (171 : 4.89)", =60°20'35". 

So, to take out log-cot"^ 0.244586, neg. : 
then the tabular angle is 29°39'4- (122:4.89)", =29°39'25", 
and the angle sought is sup. 29° 39' 25", i.e., 150° 20' 35". 

ANGLES NEAR THE ENDS OF A QUARTER. 

Of angles near 90° the sines, both natural and logarithmic, 
change very slowly; and such angles cannot be found from 
their sines with exactness. So of the cosines of angles near 0°. 

Of angles near 0° the logarithmic sines change very fast and 
at rapidly varying rates ; and such angles cannot be found ex- 
actly from their logarithmic sines, nor the logarithmic sines from 
the angles. So of the logarithmic cosines of angles near 90°. 

Of angles near 90° the tangents, both natural and logaritlimic, 
change very fast and at rapidly varying rates. So of the co- 
tangents of angles near 0°. 

Of angles near 0° the logarithmic tangents change very fast 
and at rapidly varying rates. So of the logarithmic cotangents 
of angles near 90°. 
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41392 


-3604 




37788 


-3026 


578 


34762 


-2577 


449 


32185 







These difficalties may be met in three ways : 

1. For an angle near 90° use the half angle. [Ill pr. 4 p. 54 

2. In the interpolation to find the function of a given angle, 
use two, three, or more orders of differences. 

E.g., to find log-sin 10' 30" : 

Ic^-sin 10' = 7.463726 
11' = 7.505118 

12' = 7.542906 ^^^^^ -3026 ^^^ -129 
13' = 7.577668 
14' =7.609853 

and log-sin 10' 30"= 7.463726 -f ^ (41392) -^ (-3604) 

+ tV (578) -Tf^(- 129) = 7.484914. 

By proportional parts, i.e., by interpolation with first differ- 
ences only, log-sin 10' 30" = 7.463726 -f | (41392) = 7.484422, 
an error of .000492. 

3. For small angles the ratios of the sine and the tangent to 
the radius-measure of the angle are near unity and change slowly 
[II § 3] ; and since l"" = 206265" nearly, the ratios of the sine 
and tangent to the number of seconds in the angle are near the 
quotient 1 : 206265, whose logarithm is 6.685575. 

Special tables give the logarithms of these ratios exactly, 
and sin a" = a • (sin a" : a) , tan a" = a • (tan a" : a) , 

E.g., log-sin 10' 30" = log 630 -f 6.685574 

= 2.799341-1-6.685574 
= 3.484915, or 7.484915. 

PrOB. 3. To FIND LOG(A-fB), LOG(a — b) FROM LOG A, LOG B. 

Write tan^ = b: a and cos^ </> = b : a ; Jind and <f>; 
then log (a -|- b) = log a — 2 log-cos 6, 
log (a — b) = log A -}- 2 log-sin <t>. 



For 



and 



A± B = A»(1± B : a), 

A-|-B = A«(1-|- tan* ^) = A • sec* ^ = a : cos* $j 
A— B = A«(1 — COS* <^) = A • sin* <^. 
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EXAMPLES. 

1...4. From the table of natural functions, find : 

1. sin 20% 21% 20° 10', 20° 10' 45", 79° 18' 25", 157° 15' 23". 

2. cos 20°, 21°, 20° 10', 20° 10' 45", 79° 18' 25", 157° 15' 23". 

3. tan 35°, 36°, 35° 15', 35° 15' 47", 79° 58' 35", 125° 0' 12". 

4. cot 35°, 36°, 35° 15', 35° 15' 47", 79° 58' 35", 125"^ 0' 12'^ 
5... 8. From the table of logarithmic functions, find : 

5. log-sin 20°, 21°, 20° 10', 20°10'45", 79° 18' 25", 157° 15' 23". 

6. log-cos 20°, 21°, 20°10', 20°10'45", 79°18'25", 157°15'23". 

7. log-tan 35°, 36°, 35°15', 35°15'47", 79°58'35", 125° 0'12". 

8. log-cot 35°, 36°, 35°15', 35°15'47", 79°58'35", 125° 0'12". 
9... 12. From the table of natural functions, find : 

9. sin-i .25882, .25910, .25900, .92794, .92805, .92800. 

10. cos-^92794, .92805, .92800, .25910, .25882, .25900. 

11. tan-i .5022, .5059, .5035, .9217, .9271, -.9250. 

12. cot-^ .9217, .9271, .9250, .5022, .5059, -.5035. 
13. ..16. From the table of logarithmic functions, find: 

13. log-sin-^ 8.580892, 8.584193, 8.582125, 9.999683. 

14. log-cos-^ 8.580892, 8.584193, 8.582125, 9.999683 neg. 

15. log-tan-^ 8.581208, 8.584514, 8.583125, 1.418790 neg. 

16. log-cot-^ 7.581208, 8.584514, 8.583125, 1.418790 neg. 

17, 18. From the special table for small angles, find : 

17. log-sin 10', 30' 25", 1° 8' 13"; log-tan 15', 20' 17", 1° 37' 12". 

18. log-sin-^ 2.175398, 3.652798 ; log-tan^ 2.564179, 3.196427. 

19. Given log-sin 17', 18', 19', 20', find log-sin 18' 35" by inter- 

polation, using third differences. 

20. Find a+b, a— b, given log a, log b= 3.838849, 2.792392 ; 

1.826204, .690285; 2.908497, 1.110724. 



§2.] 



THE GENERAL TRIANGLE. 



49 



*§2. THE GENERAL TRIANGLE. 

Three directed lines lying in the same plane form a triangle 
whose sides are the three segments cut one from each line by 
the other two lines, and whose angles are the supplements of 
the three angles formed by the three lines taken two and two 
in order. 

Let Z, m, n be any three directed lines lying in the plane of 
the paper and meeting in the points a, b, c ; 

then the three sides a, &, c of the triangle abo are the segments 

BC, CA, AB ; 

the three angles a, b, c are the supplements of the A mn^ nl, Im ; 

Z mn -{- /. nl -\- /. Im =z Z. mm = four right angles, 
and Za-|-Zb-|-Zc= two right angles. 





By the reyersal of the lines Z, m, ^, seven other triangles are 
formed, eight in all from the same geometric lines : 

Imn^ ~lmn^ l~mn^ lm~n, l~m~n^ ~lm~n^ ~l~mn, ~l'm~n^ 

whereof the figures above show the first two and the last two ; 
and by reading the lines in reverse order, still eight more are 
formed. 
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In the discnssion of the general relations between the sides 
and angles of the triangle Imn the lines I, ~m, n are best ased 
when the angles a, b are involved, l^ m, ~n when b, c are in- 
volved, ~l, m, n when o, a are involved ; i.e., the discussion is 
made symmetric by taking the triangle Imn as the type, using 
that line for initial line which joins the vertices of the two an- 
gles considered ; and reversing the line before it, taken in the 
order Z, m, w, L Then two of the angles of this figure are 
identical with two angles of the triangle Imn^ the third angles 
are supplementary, and the lines used (sides and perpendicu- 
lars) have the same directions as those used in the definitions 
of the trigonometric functions. 

E.g.^ let the lines Z, m, n foim a right triangle prq ; 

wherein zi p, b, q = sup. A mn^ nl, Im, 

and sides p, r, q = segments rq, qp, pr, on Z, m, n. 

In the figure use ~m in place of m ; then these same parts 
are A n~m, nZ, ~ml and segments rq, pq, pr on Z, ~m, ?i ; 





Q Q 

and the functions of p are read du'ectly from the figure, 

i.e. , sin p =p : r, cos p = g : r, tan F=p:q [df . trig, funcs. 

and ••• ^p, Q are complementary, 

.'. the functions of Q are the co-functions of p, 
I.e., sin Q = q:r, cos q =p : r, tan q = g :jp. [II th. 8 
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The functions of q may also be read from the figures by 
looking at them through the paper from the back, so that the 
lines may be properly directed. 



§3. SOLUTION OF RIGHT PLANE TRIANGLES. 

Three parts, always including a side, are sufficient to deter- 
mine a plane triangle ; and the solution of a triangle consists in 
finding the three unknown parts from the three that are given. 
In a right triangle, besides the right angle either two sides, or 
an oblique angle and a side, must be given. 

The following principles relating to right triangles are here 
restated for convenience of reference : 

1. The square of the hypothenuse is the sum of the squares 
of the two sides. • [geom. 

2. The sum of the two oblique angles is a right angle. 

3. The product of the hypothenuse by the sine of an oblique 
angle is the opposite side. [df . sin 

4. The product of the hypothenuse by the cosine of an 
oblique angle is the adjacent side. [df. cos 

5. The product of a side by the tangent of the adjacent 
oblique angle is the opposite side. [df . tan 

PrOB. 4. To SOLVE A RIGHT PLANE TRIANGLE. 

Form three equations that express the values of the three parts 
sought in terms of two known parts , ignoring the right angle. 

Check : form an equoUion between the three computed parts, 
or between the part or parts last found and the given parts, in 
such manner that an error in the computation of any part makes 
the check a false equation. 

In no case may the same parts be used in the same way in 
the solution and the check. 
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Let PQR be any right triangle, p the base angle, q the vertical 
angle, r the right angle, p^ g, r the perpendicular, base, and 
hypothenuse. 





(a) Given ?•, p, the hypothenuse and an oblique angle : 



then 



Q = 90^ 



p, q = r' cos p, p = r' sin p. 



Checks : q = tan-^(g :p) , p^= {r -\- q){r — q). 

(b) Given q, t^ a side and an oblique angle : 
then Q = 90° — p, r = q: cos p, p = q - tan p. 
Checks ; Q = cos~^(p : r) , p^ = (r -\-q)(r — q), 

(c) Given r, g, the hypothenuse and a side : 
then cos p = g : r, <^= 90° — p, p = q- tan p. 
Checks : q = cos"^(p : r) , i>^ = (^ + ^) (^ — g) • 

{d) Given g, p, ^Ae two sides about the right angle : 

then tan T = p: q, Q = 90° — p, r = q: cos p. 

Checks: cosQ=p:r, i5^ = (''-|-g) (^— 5'). 

-&.^., ifr=125, p = 40°: 
then Q = 90°- 40°= 50°, and: 
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BT NATURAL. FUNCTIONS. 



BT LOSABITHMIC FUNCTIONS. 



.76604 
125 



.64279 
125 



385020 


321395 


153208 


128558 


76604 


64279 


95.755 = g. 


80.349 =p. 


check: 


80.349)95.755(1.19174 


nat-tan~^ 


1.19174 = 50° 


80.349 


220.755 


80.349 


29.245 


723141 


1103775 


321396 


883020 


241047 


441510 


6427920 


1986795 


6455.962 _ 


441510 



1.884254 
2.096910 

1.981164 
39 



1.808067 
2.096910 

1.904977 
32 



6455.980 



45)250(6 54)450(8 

g = 95.756. p = 80.348. 

check : 

1.981164 
1.904977 
.076187 
log-tan ^076187 = 50^ 
log 220.755 = 2.343910 
log 29.245= 1.466052 

3.809962 
log 80.349=1.904981 

2 



3.809962 

The results of the work, by natural functions and by loga- 
rithms, as found above, do not quite agree. The discrepancies 
arise from the limitations and consequent defects of the tables. 
For the same reason the checks are not perfect. 

[o. w. J. alg. V § 5, IX pr. 9 

Neither of the checks is itself complete. 

Isosceles triangles. If from the vertex of an isosceles tri- 
angle a perpendicular fall upon the base, the perpendicular 
divides the triangle into two equal right triangles. 

Solve one of these right triangles. 

Oblique triangles. In general a perpendicular may fall 
from a vertex of an oblique triangle to the opposite side in 
such manner that one of the right triangles thus formed shall 
contain two of the three known parts, and the other right tri- 
angle shall contain one of them. 

Solve these right triangles in order and so combine the parts cw 
to find the parts sought in the given triangle. 
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If the three sides be given, drop a perpeDdicular p from c to 
the base c at d, dividing c into two segments ad, db ; 

and let g, c — q = ad, db ; 




Ac—q 



then ••• p^ + ^ = &^, i>^ -I- (c — g)' = a^ 

.-. 2cg — c* = 6^ — a^; 
and q = [ft^-f c^- a^ : 2c, c - g = [0^+ a^- 6^] : 2c. 

Solve the right triangles as before. 

ANGLES NEAR 90° OR NEAR 0°. 

1. If T be near 90°, use the formulae below. 

tanip = VC(^-^) : (^ + g)], [II th. 14 

p = (rH-g)tanip. 

The formulae assume that g, r are given ; but if p, r be given,. 
q may be computed ; if p be small, the formulae serve to find q^ 

2. If vbe near 0°, use the table for small angles. 

E.g., if 3 = 858, p = 9.27: 

then log 9.27 = .967080 

log 858 = 2.933487 - 

log tan p" = 2.033593 log tan p" = 6.685591 + log p. 
6.685592- 



log p = 3.348001 

p" = 2228".4 = 37'8".4. 



sin p"=p: r. 
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log sin p" = log j9 -- log r = 6.685566 + log p. 

log p = 3.348001 logp = .967080 

6.685566+ log sin p" = 2.033567 -- 

log sin p" = 2.033567 log r = 2.933513 

r = 858.051. 
So, if p" = 33' 12", p = 52.75 : 

then p =1992", log sin p" = 6.685568 + log p. 

log p = 3.299289 logp =2- 722222 

6.685568 -f log sin p" = 3.984857 - 

log sin p" = 3.984857 log r = 3.737365 

r= 5462.16 
log p = 3.299289 log j? = 1.722222 

6.685588 + log tan p" = 3.984877- 

log tan p" = 3.984878 log q = 3.737345 

^=5461.92. 

EXAMPLES. 

1...4. Solve the right triangles (preferably by aid of natural 
functions), and check the work, given : 

1. r = 36.3, p=50°. [40°, 27.81, 23.33 

2. g = 29.28, q = 37°12'. [52^48', 48.43, 38.57 

3. r=125, i) = 105. [57° 8' 24", 32° 51' 36", 67.82 

4. g = 29.275, p= 39.07. [53°9'20", 36°50'40", 48.82 

5, 6. Solve the right triangles by aid of the table for small 
angles, and check the work, given : 

5. r= 37.09, j5=.379. 

6. r=1311, p = 89°18'. 

7... 9. Solve the isosceles triangles, and check the work, given : 

7. base =26.13, side= 127.8. 

8. base = 231.1, base angle = 27° 19'. 

9. side = 49.25, vertical angle = 57° 33'. 
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I 

10... 13. Solve the oblique triangles, and check the work^ 
given : 

10. & = 52.01, A = 61° 8', c = 35°ll'. 

11. & = 2.054, c= 5.609, a = 97° 48' 

12. a= 511.2, 6 = 247.8, c= 301.2. 

13. a =27, 6=64.98, a=51°24'. 

14. Find the ratio of the areas of two regular decagons, the 

one inscribed in, and the other circumscribed about, the 
same circle. [.9045 

So, of two regular heptagons. 

So, of two regular w-gons. 

So, of a regular w-gon inscribed and a regular m-gon cir- 
cumscribed. 

15. In a circle of unit radius a regular pentagon is inscribed ; 

find its side, its apothem, and its area. 

So for a regular w-gon inscribed in a circle of radius r. 

16. Find the angle at which the lateral face of a pyramid is 

inclined to the base, the faces being equilateral triangles 
and the base a square : thence find the diedral angle of 
a regular octaedron. [54° 44' 8", 109° 28' 16" 

17. In a regular tetraedron whose edge is unity, find the diedral 

angle of an edge, the perpendicular from the vertex to 
the base, and the distance apart of two opposite edges. 

[70° 31' 44", .8165, .7071 

So in a regular pentagonal pyramid whose lateral edge is 
three times an edge of the base. 

18. If two circles, of radii r, r\ touch externally, and if B be 

the angle between their common tangents, find the value 
of sin in terms of r, r\ 
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§4. GENERAL PROPERTIES OF PLANE TRIANGLES. 

LAW OF COSINES. 

Theor. 1. In any plane tiixingle abc 

COSA =  , C08B = —- 9 C08C = —— • 

26c 2ca 2ab 

For, drop a perpendicular p from c to the base c at d, dividing 
c into two segments ad, db ; 

and let g, c — g = ad, db ; 




AC— g 



then ••• W=p^ -{-(f^ a* = 2'^H-(c-rg)2= 62^^„2cg; 
and q =:b cos a, 

.«. a^ = fe^ + c^ — 26c cosA, 

.*. cos A = (6*-+- c^— a*) :26c; 
and so for cos b, cos c. 

Cor. 1. sin ^ a = V[(^ — 6) (s — c) : 6c] ••• , 

For ••• 2 sin^^A= 1— cos A 

= l-[(62 + c2-.a2):26c] 

=:[a2-(6-c)2]:26c 

= (a — 6 + c) (a -f 6 — c) : 26c 

= 4(s — 6)(s — c) :26c, 
sin ^ A = -y/[(5 — 6) (s — c) : 6c] ; 
and so for sin ^b, sin ^c. q. e. d. 



q.e.d. 

[5=|(aH-6+c) 
[II th. 13 or. 
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[th. 13 cr. 



Cor. 2. cosiA = ^[s(« — a) : 6c]---. 
For •.• 2cos*^A = 14-cosA 

= l4-[(6* + c*-a*):26c] 
= [(6 + c)--a*]:26c 
= (6 + c4-a)(6 4-c — a) :2 6c 
= 4s(» — o) : 26c, 
cos ^ A = ^'[s (« -- a) : 6c] ; 
and so for cos ^b, cos ^c. 

Cor. 3. tan ^a = V[(* — 6) (s — c) : s (s — a)] 

Note. In the limited triangle no angle is negative or greater 
than two right angles, no half-angle is negative or greater than 
a right angle ; and the radicals of crs. 1-^ are all positive. 



Q.E.D. 

'. [crs. 1, 2 



LAW OF SINES. 

Theor. 2. In any plane triangle abo 
a : 6 : c = sin a : sin b : sin c ; 

For draw dc ordinate of c as to ab ; 




AC— g 



then •." DC = AC sin A = 6sinA, 
and DC = bc sin sup. b = a sin b, 

.'. 6sinA = asinB, 

.-. a : 6 = sin A : sin b. 
So c:a:= sin c : sin a, 

.*. a : 6 : c = sin a*: sin b : sin c. 



[df . sin 



Q.E.D. [th. prop. 

[sym. 

Q.E.D. 
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Cor. 1. (a + &)-c = co» J(a — B):«tnic, 
(a — 6) : c = »in 1^ (a — b) : cos ^c. 

For ••• a : 6 : c = sin a : Bin b : sin c, [th. 2 

.'. (a + 6):cs=(sin A + sinB): sine 

= 2 sin i (a + b) cos ^ (a — b) : 2 sin ^c cos ^c 
=cosJ(a— B):8in^c. q.e.d. [8in^(A4-B)=co8^c 
So {a'-h):c = sin ^ (a — b) : cos ^c. 

* Geometric proof. On bo take d, e such that cd, ce = ca ; 
then bd = a — 6, be = a + &• 




The reader may prove that Z aec = ^, that Z dab is right, 
that Z BAD = i (a — b) ; and may then apply the law of sines 
to the triangles bad and bae. 

Cor. 2. tan ^ (a — b) = (a — 6) : (a + &) • co^ |c. [cr. 1 

* Geometric proof. In the figure of cr. 1 draw dp parallel to 
EA and therefore perpendicular to ad ; 

- 4. 1 / V DF DF EA BD ^ , a — 6 ^ , 

then tanJCA — b) = — = = — cotic = — — rcot^c. 

^^ ^ADEAADBE ' a-^b ^ 



EXAMPLES. 

1...4. In any plane triangle abc, show that : 

1. «: c=cos^A cos^b: sin^c. [^ = i(ct -f 6 + c) 

2. (« — a):c = cosiA sin^B : cos^c. 

3. («— 6): c= siu^A cos^B : cos^c. 

4. (8 — c):c = sin ^ a sin ^b : sin ^c. 
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5. If ABG be any plane triangle, express sin a, cos a, tan a, 

and cos a^H- cos b cos c, in functions of b, c. 
6... 12. Prove that: 

6. a cosB-|-6cos A = c, acosB — 6 co8A = (a^ — 6^): c. 

7. a cos B cos + 6 cos c cos a + c cos a cos b 

= a sin B sin = 6 sin c sin a = c sin a sin b. 

8. (a — ?)) cot ^c + (c — tt) cot ^B 4- (6 — c) cot ^ a = 0. 

9. acosA + 6cosB = ccos(A — b), ft^cos^c— c^cos^b=6^— c*. 

10. a cos a + ^ cos B + c cos c = 2 a sin b sin c = ••• . 

11. a sin (b — c) -f 6 sin (c — a) + c sin (a — b) = 0. 

12. a sin ^(b — c) sec i^ + b sin ^{c — a) sec ^b 

+ c sin i(A — b) sec ^c = 0. 

§5. SOLUTION OF OBLIQUE PLANE TRIANGLES. 

PrOB. 5. To SOLVE AN OBLIQUE PLANE TRIANGLE. 

Apply suck of the formulce of tks. 1, 2 ds serve to express 
the value of each of the three unknown parts in tei^ras of three 
hnovm parts. 

Check : form an equation involving the three computed parts 
and such of the given parts as may be necessary. 

In no case may the same parts be used in the same way in 
the solution and the check. 

(a) Given a, b, c, two angles and a side : 
then c = 180° — • (a + b) , [geom. 

a= sinA» c: sine, 6 = sin b«c : sine. [th. 2 

The formulae give one value, and but one, for each part. 

(6) Given a, 6, e, two sides and the included angle : 
then tan|- (a— b) = (a — 6) : (a + 6) • cot^e, [th. 2 cr. 2 
i(A+B) = 90°-ie, 

^ (a4- b) + i (a- b) = A, ^ (a-I- b) - i (a - b) = B, 
c = sin c • a : sin a. 
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In the limited triangle the formulae give one value, and but 
one, for each part. 

(c) Oiven a, 6, c, the three sides : , 

Apply the formulsB of th. 1. 

In the limited triangle the formulae give one value, and but 
one, for each part. 

For the computation of all the angles, the formulae of cr. 1 
use nine different logarithms, those of cr. 2 use ten different 
logarithms, those of cr. 3 use seven different logarithms ; the 
formulae of cr. 3 are therefore preferred ; they may be put in 
the form : •. , 

* s — a\ 



t^n,._ ,(«-a)(«-S)(«-c) 



^ 8 — C\ 



S 

(s — a) (s — b) (s — c) 
s 

— a)(« — 6)(» — c) 



8 

{d) Qiven ajb, Ay two sides and an angle opposite one of them : 
then sin b = 6 • sin a : a, 

c = 180°— (a+ b), [geom. 

c = sin c • a : sin a. 

The formulae leave the parts in doubt ; for the same value of 
sin B belongs to two supplementary angles, so that in general b 
may be an acute or an obtuse angle ; whence two values each 
for c, c, and two triangles. 

But this is limited by the conditions, that the greater side of 
a triangle lies opposite the greater angle, and that a triangle can 
have but one obtuse angle. 

If a < 6, B is not obtuse ; and if a be obtuse, b is acute. 

The shortest length possible for a is the ordinate p, of c. 

For ••• &sinA=a 8inB=j9, 

.'. if a<p, then sinn >1, which is impossible. 
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There are five cases as shown below : 

1. a shorter than p : 
There is no triangle. 

2. ajttst as long as p : 
If ^ '^ Ct"Sute, tl^^'^ i« -! r triangle. 



no 



^ « A 





^5 ^' 



no 



3. a longer than p, but shorter than b : 

" ^ ^« -! obtai, *^«'« *'■« < *"° ti-iangles. 

4. ajtist OS long as b : 



one 



not acute, **•«'« '^ < n7 ^'"'''^1^' 
5. a longer than b : 
There is one triangle. 

Note. The side c may be found by logarithms directly from 
the parts a, 6, c, as follows : 

••• (? = a^ + 52 _ 2 a6 cos c, [th. 1 

... c» = a2 -I- 6* - 2ab (2 cos^c - 1) [II th. 13 cr. 

= a* + 6^ + 2a6 — 4a6 cos* ^o 

= (a + by [1 - 4a6 : (a + ft/ . cos^^c]. 

Find a subsidiary angle such that 

sin* = 4a6 : (a — by • cos* ^c ; 
then \' c* = (a + &)^(l-sin*^) = (a + &)^co8*d. 

.'. C = (a -h 6) cos ^. Q.E.F. 
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EXAMPLES. 

1...11. Solve the triangles (preferably by aid of logarithmic 
f anctioDs) , and check the work, given : 

1. a = 25.3, 6=136, c = 98M5'. 

[10° 9' 58", 71° 35' 2", 141.86 

2. A=34% B=^5°, c = 13.89. [51% 9.995, 17.805 

3. a =127, 6 = 64.9, c = 152.16. 

[55° 19' 39", 24° 51' 7", 99° 49' 14" 

A = 55° 24'. [66° 8' 54", 58° 27'6", 18.64, 
orll3°51'6", 10°44'54", 4.08 

A = 30°. [90% 60% 17.32 

A = 86"" 40'. 

A = 47° 9'. [47° 9', 85° 42', 27.2 

A = 37° 36'. 

[30° 33' 39", 111° 50' 21", 36.51 

A= 120°. [46°11'39", 13°48'21", 6.61 
A = 135°. 
A = 150°. 

12. By the table for small angles solve the triangles, given: 

a = 127, b = 254, c = 380 ; a = 2000, b = 1999, a = 91% 

13... 15. Solve the triangles without tables, given : 

13. a=l, 6=V25 A = 30°; a : 6 : c = 2 : V^ : (1 + V^)? 

14. a=l, 6 = H-V59 A = 18°; a = l, b=l-\--^3, A=lb° ; 

15. a : 6 : c = (m^ -f. m -f- 1) : (2 m -f 1) : (m^ — 1) . 

16. Solve for c the quadratic equation a^ = 6^ + c^ — 2 6c cos a ; 

find the sum and the product of the two roots ; 

find the conditions for real and separate, real and equal, 
and imaginary roots ; 

find the conditions for positive, zero, and negative roots ; 

interpret all these results by the figures on page 62. 



4. 


a =18, 


6=20, 


5. 


a = 10, 


6 = 20, 


6. 


a=16. 


6 = 20, 


7. 


a =20, 


6 = 20, 


8. 


a = 24, 


6 = 20, 


9. 


a = 24, 


6 = 20, 


10. 


a = 20, 


6 = 20, 


11. 


a=16. 


6 = 20, 



64 PLANE TRIANGLES. [HI, pr. 



§6. AREA OF A PLANE TRIANGLE. 

PrOB. 6. To FIND THE AREA OF A PLANE TRIANGLE, AND 
THE ORDINATES OF THE VERTICES AS TO THE OPPOSITE SIDES. 




Let ABC be any triangle, let k stand for its area, and j?», jOj, p^, 
for the ordinates of a, b, c as to a, 6, c. 

(a) Given two sides and the included angle : 

For the area^ multiply half the product of any two sides by the 
sine of the included angle. 

For the ordinate of either vertex^ multiply an adjacent side by 
the sine of the angle included by this side and the side opposite 
the given vertex. 

For Pe = b sin a, 
and K = ipc • c = ^6c sin A ; and so for the rest. 

(b) Given one side arid the angles : 

For the area, multiply half the square of any side by the sines 
of the adjacent angles^ and divide the product by the sine of the 
opposite angle. 

For the ordinate, multiply the opposite side by the sines of the 
adjacent angles, arid divide the product by the sine of the angle. 

For ••• K = ^6csinA, 

and b = sin b • c : sin c, [th. 2 

.'. K =^c* sin A sinn : sine, 
and j9e = 2 K : c = c sin A sin b : sin c ; and so for the rest. 
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(c) Given the three sides : 

For the area^ from half the sum of the sides subtract eo/ch side 
separately^ find the continued product of these remainders and 
the half-sum^ and take the square root of this product. 

For an ordinate^ divide twice the root above found by the side 
on which the ordiriate falls. 

For ••• K = ia&sinc, 

and sinc = 2 sin^c cos^c 

= 2 V[(^ — a) (s — ft) : ab'\'-y/[s (s — c) : a6] 
= 2 -^/[s (s — a) (s — 6) (s — c) ] : a6, 
.-. K =y'[5(s — a)(5 — 6)(s — c)] ; 

and |)e = 2 K : c ; and so for p., p^. 

Check : — I 1 — = — 

Pa Pb Pc K 

EXAMPLES. 

1...3. Find the areas of the triangles, and the ordinates, given: 

1. a = 12.5, & = 25, c = 38°. [k = 96.2 

2. A = 38° 18', B = 91°28', c = 39.5. [k = 628.8 

3. a = 287, 6 = 8.262, c = 36.47. [k = 45.39 

4. The sides of a triangle are in arithmetic progression, and 

its area is three-fifths of that of an equilateral triangle 
of the same perimeter ; find the ratio of the sides, and 
the largest angle. 

5. Find an expression for the sum of the areas, if from the 

data, a, &, A, there be two triangles. 

6... 8. Prove the following values for k : 

6. i(a* sin 2b + 6* sin 2 a), aftccos^ACOs^B cos^c : s, 

7. ^(a* — 6*) sin a sin b : sin (a — b) , 

8. 8^: (cot^A-f-cot^B+eot^c), -Y/aftcssin^Asin^Bsin^c. 

9. In a right triangle pqr, let h be the ordinate of r as to r, 

then: h-^ = p-^ + q-\ r = V[(P- 9)^ + 4k]. 
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*§7. INSCRIBED, ESCRIBED, AND CIRCUMSCRIBED CIRCLES. 

PbOB. 7. To FIND THE RADn OF THE CIRCLES INSCRIBED IN, 
ESCRIBED, AND CIRCUMSCRIBED ABOUT, ANT TRIANGLE. 

Far the radius of the inscribed circle^ divide the area by half 
the perimeter. 

For the radius of an escribed cirde^ divide the area by half 
the perimeter less the side beyond which the circle lies. 

For the radius of the circumscribed circle, divide half of either 
side by the sine of the opposite arigle. 

For, let ABC be any triangle, and let r = radios of inscribed 
circle, r\ r", r'" = radii of escribed circles whose centres 
are o', o", o"', and r = radias of circnmscribed circle ; 




then •.• K = ^r(a + 6 + c) = r5, 
.-. r =k: s. 
So •.• K = ir'( — aH-6-f-c) = r'(s — a), 
.'. r' = K : («— a) ; and so for r", r'". 



[geom. 

Q. E.D. 

[geom. 

Q.E. D. 
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Checks: 1 = 1 + 1 + i-, k> = r • r'. r". r'". 

About ABC draw a circle and draw ca', a diameter ; join a'b ; 




then *.' A = A^ and Z a'bc is a right angle, [geom. 

and ca' = a : sin a' = a : sin a, 

.-. R = ^a: sinA, ••• . q.e.d. 

Note, a : sin a = & : sin b = c : sin g = 2 r. 

EXAMPLES. 

1...3. Find the radii of the inscribed, escribed, and circum- 
scribed circles, and check the work, given : 

1. a = 12.7 & = 22.8, c = 33.9. 

2. A = 64M9'8", B = 100^ 2' 27", c = 51.25. 

3. a =136, 6 = 95.2, = 1^37'. 

4. In a right triangle, 2 r -|- ^ = «• 

5. If R = 2r, the tnangle is equilateral. 

6. In the ambiguous case the two values of r are equal. 

7« The distances from the centre of the inscribed circle to the 
centres of the three escribed circles are equal to 
4Rsin^A, •••, and to asec^A, •••. 

8. The square of the distance between the centres of the in- 
scribed and circumscribed circles is r^ — 2Rr. 
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9. Prove the equations : 
r =(s — a) tan^A, 
r = s tan ^a tan |^b tan ^c, 

r = a: (cot ^ b -f- cot ^ c), r' = a: (tan ^b + tan ^ o) , 
R = abc : 4 k, 

R = s : (sin a + sin b + sin c) , 
t' + r" + ?•'" — r = 4r ; rr' : r"r'" = tan^ |-a, 
K = 4Rr cos ^A cos ^B cos ^c, 

R -f- r = R (cos A + cos B + COS c) , 

4r sin A sin b sin c = a cos aH- 6 cos b + c cos c. 



§8. HEIGHTS AND DISTANCES. 

The plane of the horizon at any point is the plane that is 
tangent to the earth's surface, i.e., to the surface of still water, 
at that point ; it would therefore be perpendicular to the radius 
if the earth were a perfect sphere. The direction perpendicular 
to the horizon-plane is determined by the plumb-line and is the 
vertical line, and any plane containing this line is a vertical 
plane. Any plane parallel to the horizon-plane is a horizontal 
plane and may be determined by a spirit-level. 

An angle lying in a horizontal plane is a honzontal angle^ 
and an angle lying in a vertical plane is a vertical angle. 

In surveying, the hearing of a point is the horizontal angle 
that the horizontal projection of the line of sight, from the 
observer to the point, makes with the north-and -south line 
through the point of observation ; and the angle of elevation is 
the inclination of the line of sight to the horizontal plane ; it is 
a vertical angle, and is called the angle of depression if the line 
of sight be below the plane of observation. 

Ordinary field instruments measure horizontal and vertical 
angles only. By distance is meant the horizontal distance, 
unless otherwise named ; and by height is meant the vertical 
distance of a point above or below the plane of observation. 
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Bearings at sea are given in points and quarter-points^ counted 
from each of the eight cardinal points, two points each wa}*. 




E.g.^ the points from north to east are: n., n. bys., n.n.e., 

N«£<. bylf.j N.E«, If*E«oyE*) E*N«E«, £*bylf.^ £« J 

and the points and quarter-points are : n. , n. ^ e. ; n. ^ e. , n. f e. , 

N. byE., N. byE. ^E., N. by E. ^ E., N. by E. f E., N.K.E. ; 
l^.E* by If* ^17., If*E> by N. -ft'N*, •••) N«E* j r<r«E*7^*) McEavE*, 
• ••, E*17*E* } E> by If . ^ If • ) E* by Ift-frlf*, ***) ^* 

PrOB. 8. To FIND THE HEIGHT ABOVE ITS BASE OF A VERTI- 
CAL COLUMN WHOSE BASE IS ACCESSIBLE. 

(a) Standing upon a horizontal plane : 

Let p be the top of the column, and a the point vertically be- 
low it on the horizontal plane. 



o 



Measure any convenient distance oa and the angle aop. 
Solve the right triangle aop for ap. 
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(fi) Standing upon an inclined plane : 

Let p be the top of the column, and q the point vertically be- 
low it on the inclined plane. 





Measure any convenient distance oq along the plane ^ and the 
angles of elevation or depression aop, aoq ; 

then Z QOP = aop — aqq, Z opq = 90°— aop. 

Solve the oblique triangle opq for qp. 

PrOB. 9. To FIND THE HEIGHT ABOVE ITS BASE, AND THE 
DISTANCE FROM THE OBSERVER, OF AN INACCESSIBLE BUT VIS- 
IBLE VERTICAL COLUMN. 

Let p be the top of the column, q the base, b the position of 
the observer, a the point vertically below p in the hori- 
zontal plane through b. 



"^-^ .^ 




Q 




.>*-*. 



B ^---^^ 



Q 



Take any other convenient point of observation c, and measure 
the horizontal distance bc, the horizontal angles corresponding to- 
ABC, ACB, and the vertical angles abp, abq. 

Solve the horizontal oblique triangle corresponding to abc for 
AB, and the vertical right triangles abp, abq /or ap, aq ; 

then Qp = AP — AQ. 

If the observer be in the same horizontal plane as the base, 
the line bq coincides with ba, and bap is the only vertical 
triangle to be computed. 
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FrOB. 10. To FIND THE DISTANCE APART, ANS THE BEARING, 
ONE FROM THE OTHER, OF TWO OBJECTS THAT ARE SEPARATED 
Br AN lUPASiSABLE BARRIER. 

(a) Both objects accessible : 

Let E, F be the two objects, ttnd g the point of ohBerration. 



Measure the distances qe, qf and ikeir hearings. 

From the oblique triangle efg compute ef, A gef and the bear- 
ing of nv. 

(6) Both objects inaccessible : 

Let c, D be the two objects. 

Measure any convenient distance ab and the bearings of ac, 
AD, BC, BD, and compute in order suchparts as are needed of the 
triangles abc, abd, acd. 

This 18 the method of triangulation and ab is the base line. 



1. At 120 feet distance, and oa a level with the foot of a 

steeple, the angle of elevation of the top is 62° 27'; find 
the height. [230.03 ft. 

2. From the top of a rock 326 feet above the sea the angle of 

depression of a ship's hull is 25° 42' ; find the distance 
of the ship. [677.38 ft. 
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3. A ladder 29^ feet long standing in the street just reaches 

a window 25 feet high on one side of the street, and 23 
feet high on the other side ; how wide is the street ? 

[34.13 ft. 

4. Find the distance across a river, if the base ab = 475 ft., 

Z A = 90% Z B = 57° 13' 20". [737.68 ft. 

5. From "a vessel two headlands were observed : the first bore 

N.N.W., and the second n.e. byE. ; then sailing 12 miles 




E.N.E., the first bore n.w. and the second n.e. Find the 
bearing and distance of one headland from the other. 

[w.N.w. nearly, 33.575 miles. 

6. From the top of a mountain 1^ miles high, the dip of the 

sea-horizon (angle of depression of sky-and-water line) 
is 1° 34' 40" ; find the earth's diameter, and the distance 
of the sea-horizon. 

7. What is the distance and the dip of the sea-horizon from 

the top of a mountain 2 J miles high, the earth's mean 
radius being 3956 miles ? [2° 8' 8" 

8. If the dip of the sea-horizon be 1°, find the height of the 

mountain, and the distance of the sea-horizon. 

9. Given the earth's equatorial radius 3962.76 miles, and the 

angle this radius subtends at the sun, 8". 81 ; find the 
distance of the earth from the sun. 

[92,780,000 miles nearly. 



§8.] HEIGHTS AND DISTANCES. 73 

10. How far should a coin an inch in diameter be held from 

the eye to subtend an angle of 1° ? 

11. Given ca = 131 ft. 5 in., bc = 109 ft. 3 in. ; Z c = 98° 34' ; 

what is the distance ab? [183 ft. 

12. From the top of a hill I observe two successive milestones 

in the plain below, and in a straight line before me, and 
find their angles of depression to be 5° 30', 14® 20' ; what 
is the height of the hill? [815.85 ft. 

13. Two observers on the same side of a balloon, and in the 

same vertical plane with it, are a mile apart, and find 
the angles of elevation to be 17° and 68° 25' respectively ; 
what is its height? [1836 ft. 

14. Two ships lying half a mile apart, each observes the angle 

subtended by the other ship and a fort to be, 56° 19' 
and 63° 14' ; find the distances of the ships from the fort. 

[2525, 2710 ft. 

15. A privateer lies 12 miles s.w. of a harbor, and a merchant- 

man leaves it in the direction e. bys., at the rate of 10 
miles an hour ; on what course, and at what rate, must 
the privateer sail in order to overtake the merchantman 
in an hour and a half? [e. by n. Jn. and 16 miles, nearly 

16. Given [fig. p. 71] the base ab = 131^ yds., Z bad = 50°, 

Z bag = 85° 15', Z DBC = 38° 43', Z dba = 94° 13' ; what 
is the distance cd ? Check the work by making two dis- 
tinct computations from the data. [129.99 

17. If A, B, c be three co-linear points, o any other point, and 

a, &, c, Z, m, n = bc, ca, ab, oa, ob, oc, wherein 
a + 6 + c = ; show tliat a? + hm^ -{-01^ = — ahc. 

18. Three observers at the co-linear points a, b, c, of ex. 17, 

find the elevations of a balloon to be a, )8, y ; show that 
the square of its height is 

— abc : (a cot* a -f- & cot^ P + c cot* y). 
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*§9. POSITIVE AND NEGATIVE AREAS. 

If a point move from p to q along a straight line pq, the 
radius vector from an origin o to the moving point sw^eeps 





over a triangle whose area is -{ ^ . . when the angle poq is 

-{ P .. ' for this area is half the product op • oq • sin poq, 

> negative ; r ^ >6? 

wherein op, oq are both positive. 

In the three theorems that follow, it is assumed that every 

motion of a -J j. is the limit of some motion made up of small 

. translations along' . . lines, 

-s 4. 4.- -u^ 4. successive < . . 

> rotations about ' points. 

Either motion is that of a point and a line through it, such 
that the point always slides along the line, while the line always 
swings about the point. 

JS.g.^ if a line roll round a circle, without sliding upon it, the 
line always swings about the point of contact, while the point 
of contact always slides along the tangent line. 

The area swept over by a segment of a straight line is the alge- 
braic sum of the areas of all the infinitesimal quadrilaterals and 
triangles passed over, from instant to instant, by the segment. 

Theor. 3. If PQR ... TP he any closed figure traced by the end 
of a radius vector^ drawn from o, and varying in length if need 
6e, the area of this figure is the area swept over by the radius 

vector ; and is -{-^ '. when the bounding line is tra^d in the 

-{■^ .. ^ direction of revolution. 



negative 
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(a) No reversals of motion of the vector^ as in the first figure, 
or only one reversal, as in the second figure : 

For ••• there are no intermediate reversals, [byp« 

.'• the figure enclosed by the boundary is swept over once, 
and but once, by the vector, when it swings in the 
direction in which the path is traced ; 

and '.• all other figures swept over by the vector in one direc- 
tion are also swept over in the other direction, and 
cancelled, 

.*• the algebraic sum of the areas of all the figures swept 
over is the area of the figure enclosed by the boundary. 



and 



this area is -{ *^ . . when the path is traced in the 
. , ' negative *^ 

^negative ^"^®^*^^^ ^^ rotation. 






(b) Intermediate reversals of motion, as in the third figure : 

For •.• intermediate reversals occur in consecutive pairs in op- 
posite directions, 

.*. if a point within the enclosure be swept over more than 
once, it is swept over an odd number of times so as 
to give an excess of just one passage in the forward 
direction ; 

and ••• every point without the enclosure is swept over, if at 
all, the same number of times in each direction ; so 
that any outside area that may be generated is can- 
celled, 

.'. the algebraic sum of the areas of all the figures swept 
over is the area sought. q.e.d. 
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Note 1. If the boundary cross itself, the figure is thus divided 
into two or more parts ; the area of each part may be considered 
separately, and the area of the whole is the algebraic sum of 
the areas of the several parts. 

E.g., the area of the crossed quadrilateral abcd is the alge- 




braic sum of the areas of the positive triangle aed and the 
negative angle ebc, and has the sign of the larger. 

Note 2. In adding two areas, any common boundary trav- 
ersed in opposite directions may be erased. 

Cor. If a segment ab of a vector ob swing about o as centre 
into the position a'b', the area of the figure swept over by this seg- 
TTient is the area of the figure abb 'a', bounded by the initial and 
terminal positions of the segment and the paths of its ends. 





For ••• AB = OB — OA, 

.'. the area k of the figure swept over by the segment ab 
is the area of the figure swept over by vector ob less 
the area of the figure swept over by vector oa, 

.•. K = obb'— oaa' = obb'H-oa'a = abb'a'a. q.e.d. [th.3 
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Theor. 4. If two points a, b move (forward or backward in 
any way) along any paths aa', bb' to a', b', then the area swept 
over by the straight line ab (varying in length if need be) is the 
area of the figure abb 'a'. 

For let the motion of the generator ab be made up of infini- 
tesimal rotations about successive instantaneous centres Cj, 
Ca, C3, •••5 




then ••• AB sweeps over figures abbiAi, AiBiBjAz, •••, [th. 3 cr. 

and ••• all the intermediate positions AjBi, AjBj, •••of ab are 
common boundaries of these figures traced in oppo- 
site directions, 

.*. the sum of all the areas swept over is the area of the 
figure bounded by the path abb 'a 'a. 

Q. E. D. [th. 3 nt. 2 

Cor. 1. The area swept over by any straight line, ab, is the 
sum of the excess of the area of the figure subtended (from any 
origin) by the path of the terminal point, b, over that subtended 




by the path of the initial point, a, and the excess of the area of 
the triangle subtended by the initial line, ab, over that subtended 
by the terminal line, a'b' ; 

^.e., ABB 'a 'a = (obb'— oaa') + (gab— oa'b'). 
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Cor. 2. If the generator, ab, return to its initial position, the 
area swept over is the excess of the area of the figure bounded by 
the path of the terminal point, b, over that of the figure bounded 
by the path of the initial point, a. 





Cor. 3. If the generator, ab, return to its initial position, and 
the initial pointy a, trace out the same path to and fro, then the 
area swept over is the area of the figure bounded by the path of 
the terminal point, b. 

Theor. 5. If a wheel be affixed to its axis at the mid-point, 
and if this wheel roll and slide in any way upon a plane while 
its axis remains parallel to tJie plane, the area swept over by the 
axis is the product of Us length into the distance rolled by the 
wheel. 

For, let AB be the axis and m the mid-point ; 

let the axis turn about an instantaneous centre o, through an 
infinitesimal angle 0, and at the same time let the axis 
slide along its line an infinitesimal distance, to a'b' ; 




then • . • OA == oa', ob = ob', om = om', sin 0=^6, 
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.*. aiea abb'a', = obb'— oaa', = i (ob^— oa^) • 

= ^ (OB— OA) (OB-h OA) • ^ = AB • OM • ^ 

= AB • the distance rolled by the wheel at m. 

.*. the area swept over by any number of such successive 
rotations is the product of ab by the distance rolled 
by the wheel at m. q. e. d. 

Cor. 1. If the wheel be affixed to its axis at any other pointy c, 
and the axis turn through an angle^ a, between Us first and last 
positions^ the area swept over is 

AB • the distance rolled by the wheel ait c -J-ab • cm • a. 

For '.• in the infinitesimal rotation above, 
area ab • om • ^ = ab • (oc + cm) • 
= AB • the distance rolled by the wheel at c-j-ab • cm • tf, 

.'. the sum of all such rotations is ab • the distance rolled 
by the wheel at c H-ab • cm -a. [a = ^ 4- ^' -I- ••• 

Cor. 2. If the axis returti to its first position without making 
a complete revolution^ the area swept over is ab • the distance 
rolled by the wheel affixed at any point c. [a = 

FXAMPLES. 

1. If A, B, c be fixed points on a line that turns in a plane 

through an angle a, 

then BC area ab — ab area bc = ^ab • bc • ca • a. 

2. If the line in ex. 1 return to its first position : 

(a) without making a complete revolution, 
area b = (ab area c -|- bc area a) : ac ; 

(5) after making a complete revolution, 

area b + tt • ab • bc = (ab area c -f bc area a) : ac. 

3. If the chord ac, in ex. 1, slide round an oval, the area 

between the oval and the path of b is ^ • ab • bc. 

4. Find the area of the curve traced by a point on the con- 

necting rod of a piston and crank in one revolution ; 
also the distance a small wheel attached at the same 
point would roll if a plane surface pressed against it. 
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amsler's planimeter. 

Let the axis ab, above noted, be pivoted at a to an arm oa 
of fixed length that turns about a fixed centre o, so that 
A traces a fixed circle while b traces any path whatever ; 

let the wheel be aflSxed to ab at any point c, but let it be im- 
possible for AB to sweep past oa so that ab, oa can take 
but one position for one position of b and, if a encircle o, 
AB also encircles o in the same direction : 

1 . If A return to its first position without encircling o ; 

then •.• A traces out the same path, to and fro, 

.*. the area encircled by b is the area swept over by ab, 

[th. 4 cr. 3 

I.e., the area is the product of the number of turns of the 

wheel into the constant area 2Trr • ab, [th. 5 cr. 2 

wherein r is the radius of the wheel. 




2. If A encircle o counter-clock-wise ; 

then the area encircled by b is the area swept over by ab -f- the 
area of the circle oa, [th. 4 cr. 2 

I.e., the area encircled by b is 27rr • ab • the number of turns of 
the wheel (positive or negative) -|- ab • cm • a + tt • oa* 

wherein a is 2 tt. [th. 5 cr. 1 

The constants of the planimeter 27rr • ab, 7r(2AB • cm -|- oa^) 
can be found once for all. The first is the area due to one turn 
of the wheel ; the second is that due to the swinging of the arms 
OA, AB, about o. 
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§10. AREA OF A POLYGON. 
PrOB. 10. To FIND THE AREA OF A POLYGON. 

Let ABC ••• L be any polygon, k its area, ?'i, Oi, r2, ^25 ^3» ^s? •'• 
r„, 0^, and Xi, y^, o^, y^, x^, yg, ...a;^, y^ be the polar and 
the rectangular coordinates of a, b, c, •••l. 






(a) By aid of Mangles : 
Join OA, OB, oc, ••• OL ; 
then K = i [ri?'2 sin (^2 — ^1) H h ^n^'i si^ (^i — ^n) ] [th. 3 

= i [ («l.y2 - a;22/l) H f- (^'..yi - ^iVn) ] . 

(6) By aid of trapezoids on the y-axis: 

Draw the ordinates of a^ b^ c, -" as to the y-axis; 

then K = i [(iCi +- 0:2) (2/2 - 2/1) + ••• + {^n + a^i) (2/1 - y„)]. 
(c) 5y mc? 0/ trapezoids on the x-axis : 
Draw the ordinates of a^ b, c^ '" as to the x-axis; 

then K = - 1 [(t/i H- y^) (x^-x^) -\ \- (y^ + yi) (a?!- ««)]• 

E.g., to find the area of a quadrilateral the coordinates of 

whose vertices are 1,3, 4, ~1, 7, 4, "3, 1 : 



X, y 


(«) 


^1 + ^2. y2-.yi 


Q>) 


yi + y2» ^2-^1 


(0 


1 3 
4 1 
7 4 
-3 1 
1 3 


-1 -,12 

16 + 7 

7+12 

-9-1 


5 -4 

11 5 

4 -3 

-2 2 


-20 
55 

-12 
-4 


2 3 

3 3 
5 -10 

4 4 


6 

9 

-50 

16 


\ (42 - 23) 


i(55-36) 


-}(31-50) 



and the area, by either process, is 9^. 
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SURVEYING. 

In taking bearings the north-and-south line is the initial line. 
The latitude of a point is its distance north or south of a given 
point ; and the latitude of a line is the product of its length by 
the cosine of its bearing, i.e.^ the length of its projection on 
the north line ; the departure of a line is the product of its 
length by the sine of its bearing, i.e., the length of its projec- 
tion on the east line. Northings and eastings are positive; 
southings and westings are negative. The meridian distance 
of a point is its distance east or west from the origin, and the 
double meridian distance of a line is the sum of the meridian 
distances of its ends. 

A surveyor's chain is four rods long and it is divided into a 
hundred links. Ten square chains make an acre. 



AN 




Through any vertex, a, of a polygon abode draw a north-and- 
south line Ns ; 

through the other vertices b, c, d, e draw north-and-south lines, 
and east-and-west lines meeting ns in b', c', d', e' ; 

then area pol abode = — area triangle ab'b — area trap b'c'cb -f 
area trap c'cdd'+ area trap d'dee'— area triangle ee'a 

= i [ab' . b'b -f b'c' • (B'B-f C'C) -h c'd' • (c'c -j- d'd) 

+ d'e' • (d'd -f- e'e) + e'a • e'e] . 

E,g.<f if a surveyor, starting from a, run n. 70° 20' e. 6.37 chs. 
to B, thence n. 10° 15' e. 4.28 chs. to c, thence s. 55° 35' e. 12.36 
chs. to d, thence s. 18° 45' w. 14.96 chs. to e, thence n. 40° 55' 
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w. 11.15 chs. to p, thence n. 37° 15' w. 8 ehs. to a, then the area 
is 16.865 acres ; and the work in tabular form is as follows : 





Bbaboto. 


DiBT.IN 
OHArNS. 


Dip. 


M.D. 


D.M.D. 


TiAT. 


DOUBLB AbXA. 

+ — 


AB 


N. 70° 2^ E. 


6.37 


6.998 


6.998 


6.998 


2.144 


12.860 




BC 


N. 10° 16' E. 


4.28 


.761 


6.769 


12.767 


4.212 


63.732 




CD 


s. 66° 36' B. 


12.36 


10.196 


16.966 


23.714 


-6.986 




166.642 


DE 


8. 18° 46^ w. 


14.96 


-4.809 


12.146 


29.101 


-14.166 




412.245 


BF 


N.40°56' w. 


11.16 


-7.303 


4.843 


16.989 


8.426 


143.149 




TA 


N. 370 16' w. 


8.60 


-4.843 





4.843 


6.369 


30.846 





337.301 : 2 = 168.661 sq. chs. = 16.866 acres. 



240.686, -677.887 

240.686 

-337.301 



Column M.D. is got from column Dep. thus : 5.998 = 5.998, 
.761 + 5.998 = 6.759, ..-, 16.955-4.809 = 12.146, ... ; 

column D.M.D. is got from column M.D. thus : 5.998 = 5.998, 
5.998 + 6.759 = 12.757, 6.759 -f 16.955 = 23.714, ... ; 

the products of the double meridian distances by the latitudes 
give the double areas. 

If in going about a field a surveyor turn continually to the 
left, counter-clock- wise, the area, computed as above, is posi- 
tive ; if to the right, clock-wise, it is negative. 



EXAMPLES. 

1. Find the area of the triangles, the rectangular coordinates 

of whose vertices are : 

1,3, 2,5, 4,1; 0,0, "1,2, 2,1. 

2. So of the parallelogram whose vertices are : 

+3, +5, +2, -4, -3, -5, -2, +4. 

3. If a surveyor, starting from a, run n. 22° 37' e. 3.37 chs. tQ b, 

thence n. 80° 24' e. 3.81 chs. to c, thence s. 41° 12' e. 5.29 
chs. to D, thence s. 62° 45' w. 6.22^ chs. to e; find the 
latitude and meridian distance of b, 0, d, E; from a; 
find the bearing and distance of a from e ; find the area. 
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*§11. PROJECTION OF A POLYGON ON A PLANE. 

If two straight lines be at right angles, and if, while an ob- 
server looks along one of them toward the vertex, the other line 
revolve about the first as an axis, counter-clock- wise, then the 
revolving line generates a plane [geom.] whose fojc^ lies to- 
ward the observer; and the line of sight, directed from the 
plane to the eye, is the normal to the plane. Every point 
upon the revolving line generates a circle of the plane, with the 

vertex as centre ; and arcs of these circles are ^ ^ . . when 

' ' negative 

they reach { . . the direction of their circles. 

E.g,^ let xoz be a right angle and let ox revolve about oz in 
the direction xy ; 




then xoY is the plane generated, with its face toward z, and 
oz is the normal. 

The angle between two intersecting planes whose faces are 
known is that one of their four diedrals which is generated by 
revolving one of the planes about their common section till its 
face coincides with the face of the other; i.e., so that the 
normals of the two planes, at coincident points, shall coincide. 

Theor. 6. If a polygon he projected from one plane to an- 
other ^ the area of the projection is the product of the area of the 
polygon by the cosine of the angle between the two planes. 

For, let PQRS be any polygon lying in the plane om, and p'q'r's' 
its projection in the plane om' ; 

let the line of section ox be the a;-axis in either plane ; 
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let AP, BQ, •••be the ordinates of p, q, •••, and ap', bq', 
corresponding ordinates of p', q', ••• ; 

and let a be the angle between the planes ; 
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[geom. 




then 



So 



••• AP'=APeOSa, BQ'= BQ COS a, •••, 

,• . ap'q'b = — ^ab (ap'4-bq') 

= — ^AB (AP-f-BQ) COS a 
= APQB COS a. 

bq'r'c = BQRC COS a, and SO on ; 

.*. p'q'r's'= PQRS cos a. 



Q.E. D. [pr. 10 (c) 



EXAMPLES. 

1. When is the projection of a square : a square, a rectangle, 

a rhombus ? 

2. The sides of a rectangle are 3, 5 ; show how to project it 

into a square. 

3. If the sun's altitude be 60°, find the area of the shadow on 

a horizontal plane, of the circle of unit radius that is : 
horizontal, vertical, perpendicular to the sun's rays, in- 
clined to the sun's ra3s at an angle of 50° and with its 
horizontal diameter perpendicular to his rays (two cases) . 
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IV. SPHERICAL TRIANGLES. 



§1. GEOMETRIC PRINCIPLES. 

If about the vertex of a triedral angle as centre a sphere be 
described, the traces of the three faces of the triedral upon the 
surface of the sphere are arcs of great circles, and together 
they form a spherical triangle ^ whose sides measure the face- 
angles, and whose angles measure the diedral angles, of the 
triedral. Since the sides are but measures of angles they may 
be expressed in angular measure, e.^., a quadrant is an arc of 
one right angle or a right arc. 

Two parts are of the same species when both are acute, or 
both obtuse, or both right. 

THE LIMITED TRIANGLE. 

It has been shown in geometry that in triangles whose parts 
are all positive and less than two right angles : 

The sum of the three sides lies between naught and four right 
angles. 

The sum of the three angles lies between two right angles 
and six right angles. 

Each side is less than the sum of the other two. 

Each angle is greater than the difference between two right 
angles and the sum of the other two. 

Of any two unequal sides, the greater lies opposite the greater 
angle ; and conversely. 

Each side or angle is the supplement of the corresponding 
angle or side of the polar triangle. 

If two sides of a triangle be equal, so are the opposite angles ; 
and conversely. 
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The perpendicular from the vertex of an isosceles triangle ix> 
the base bisects both the vertical angle and tlie base. 

The area of a spherical triangle is to the area of the hemi- 
sphere as the excess of the sum of the three angles over two 
right angles is to four right angles. 

THE GENERAL TRIANGLE. 

In general the same conventions are used in the matter of 

directed arcs (great circles), positive and negative segments, 
and angles, and of general triangles upon the surface of the 
sphere, as in that of directed lines, positive and negative seg- 
ments, and angles, and of general triangles in a plane. 

The face of a sphere is the side fi-om which rotation appears 
counter-clock-wisc, and it may be either the convex or the con- 
cave surface ; the reader is supposed to look always at the face 
of the sphere. 



If the observer, so facing, look along an arc in its direction, 
then an arc-normal is an arc that crosses the first arc at 
right angles, from right to left, i.e., in the direction of posi- 
tive revolution of the positive end of the arc at the foot of 
the normal. Segments of any arc-normal reaching from the 

K,-norm.l,re^ P"'"'" 
' negative 

In the figure above, oa is the arc-abscissa and ap the arc- 
ordinate of the point p, as to the arc ox and origin o. 



88 SPHERICAL TRIANGLES. [IV, ths. 

The plane of a directed arc faces toward that side f roiji which 
the direction of the arc appears counter-clock- wise. 

Lem. That hemisphere whose arc-ordinates are positwe^ faces 
the same way as the plane of the initial arc. 

A diameter of a sphere that is perpendicular to a circle of the 
sphere is an axis of the circle, and the ends of the axis are the 
poles of the circle. The positive pole of a directed arc (great 
circle) is that pole whose arc-ordinate is positive ; and an arc 
is the polar of its positive pole. 

The angle between two arcs is the plane angle between the 
tangents at the vertex having the same directions as the arcs. 

Theor. 1 . TVie poles of two arcs lie on the polar of their point 
of intersection . [geom . 

The polar of a triangle abc is that triangle whose sides l\ m', 
n', are the polars of th€{ vertices a, b, c, and whose vertices a', 
b', c', are the positive poles of the sides Z, m, n, of abc. 

Cor. If a'b'c' he the polar of abc, then reciprocally abc is 
the polar o/a'b'c'. 

For Z, m, n are the polars of a', b', c', [df . polars 

and A, B, c are the positive poles of Z', m', 71 . q.e.d. 

Theor. 2. The -l .ofa spherical triangle and the corre-» 

' angles -^ ^ ^ 

ftfiflTpQ 

sponding ^ ,^ of the polar tmangle are supplementary. 

For, let the arc m turn about a till it coincides with n ; 

then •.* the positive pole b' of the arc m turns from b' to c' on 
the polar of a, 

and ••• positive rotation of an arc causes positive rotation of 
its positive pole on the polar of the vertex, [Im. 

.-. arc b'c' = Z mn = sup. Z A. q.e.d. 

Note. This theorem shows that, corresponding to any for- 
mula of the spherical triangle, there is a formula, found from 
the first by replacing a, b, o, a, &, c, by ?r — a, ?r — &, tt — c, 
T— A, TT — B, IT — c; for these supplements are the parts a', b^ 
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c', a', 6', c', of a spherical triangle, and so must satisfy the first 
formula. The second formula, in the same' way, gives the first 
formula, and each of them is the polar of the other. 

Note the three uses of the word polar : a circle may be the 
polar of a point, a triangle may be the polar of another triangle, 
and a formula may be the polar of another formula. 



§2. PROPERTIES OF SPHERICAL ANGLES. 

Theor. 3. If upon the surface of a sphere whose centre is c, 
XOL he any spherical angle, ^/ox', ol' be- tangents to ox, ol at o, 
and reach in the same directions^ if ak be any arc-normal to ox 
and if a'k' be perpendicular to the plane cox at a', the inter- 
section of ex, ox', and reach from the plane on the same side as 
AK : then are ox', ol' normal in the planes cox, col to co ; and 
a'k' is normal in the planes x'ol', cak to ox', ca. 

For ••• ox', ol' are perpendiculars to co in the planes cox, 

p COL, and reach in the direction of revolution for 

these planes, [constr. 

. • , they are normals to co in these planes ; [df . nor. 

and *.• a'k' is perpendicular to ox', ca in the planes x'ol', cak, 
and reaches in the direction ak, 

and AK is the direction of positive revolution of ca in the 

plane cak, and of positive revolution of ox on the 
spherical surface, i.e., of ox' in the plane x'ol', 

. • . a'k' is normal to ca, ox' in the planes cak, x'ol'. [q. e. d. 

Cor. If cpp' be the intersection of planes col, cak, and p' be 
on ol', then op' is the distance ofp' as to ox' in plane x'ol', and 
the ordinate of p' as to co m plane col ; a?id for both uses op' is 
a segment of the same line, ol', and has the same sign. 

So oa' is the abscissa of p' as to ox' in plane x'ol', and the 
ordinate of a' as to co in plane cox ; and for both uses oa' is a 
segment of the same line, ox', a7id has the same sign. 

So a'p' is the ordinate of p' as to ox' t?i plane x'ol' and the 
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ordinate of p' as to ca in plane cak ; aitd for both uses a'f' is a 
segment of the same line, a'k', and has the same sign. 



Theob. 4. If r, X, y, be the arc-distance, arc-absci«sa, and arc- 
ordinate, as to the initial arc, of any point on the terminal arc 
of a spherical angle o ; then: 

sin o = sin y : s/n r, coso = tan x : tan r, 
tano = tany : sinx, cos r =: cos x- cosy. 
For, let o be any epherical angle and let r, x,y = op, oa, ap ; 
then ■■■■. — ..^'^ '■'''■<«■'- 



smo = A'p' 


OP' = ^ 


,- = .,„, 


smr. 




eo..> = OA' 


op' = 5^ 


:^.,..» 


tanr. 




tano=A'p' 


oa' — — 
ca' 


ca' 


Sinai. 




cosj- = co 


:c,.'-™, 


-, =eo.. 


cosy. 


Q.E 
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§3. RIGHT TRIANGLES. 

Theob. 5. If PQR he a spherical tnangle, right-angled at r, 

then : sinp = sin r sin p, sin q = sin r sin q, 

cos p = tan q cot r, cos q = tanp cot ?•, 

sin q = tanp cot p, sinp = tail q cot q, 

cos r = cos p cos q, cos r^^cot f cot q, 

cos p = cos p sin q, cos q = cos q sin p. 

For •••in the triangle pqr, ares p, g, r are the arc-ordinate, 
arc-abscissa, arc-distance of Z p, ^^ 

and in the symmetric triangle qpr, as seen through the 

paper from the back, arcs g, jp, r are the arc-ordi- 
nate, arc-abscissa, arc-distance of Z q, 

.•. sin p = sin p : sin r, sin q = sin g : sin r, [th. 4 

.•. sin p = sin r . sin p, sin g = sin r • sin q. q. e. d. 

So •.• cos p = tan q : tan r, cos q = tanp : tan r, 

.'. cos p = tan g • cot r, cos q = tanp • cot ?\ q.e.d. 

So •. • tan p = tanp : sin g, tan q = tan g : sinp, 

. •. sin g = tanp • cot p, sin p = tan g • cot q. q. e. d. 

So cos r = cosp • cos g ^ q.e.d. 

= sinp cotp • sin g cotg = sin g cotp • sinp cot g 

= cotp-cotQ. q.e.d. 

cos r sin o 

So cos p = tan g • cot r = • -^—^ = cosp • sin q. q. e. d. 

cosg sinr 

So cos Q = cos g • sin p. q. e. d. 

Napier's rules : B}^ an ingenious device of Lord Napier these 
ten formulae are remembered by two simple rules : 

Ignore the right angle; take the two sides ^ and replaxx the 
hypothenuse and two oblique angles by their complements; and 
of the five parts so found call any one the middle part, the two 
lying next it adjacent parts, and the two others the opposite parts, 

then : sin mid. part = prod, tan adja. parts, 

sin mid. part = prod, cos oppo. parts. 
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Cor. 1. If in a right spherical triangle another part beside the 
right angle be right, the triangle is biquadrantaJ. 

For, ••• cos r = coap • cos g, 

and cos p = coap sin q, and sin q ^ 0, [th. 5. 

cos Q = cos q sin p, and sin p ^ 0, 
.*. if p be right, so are r, p, 

if p be right, so are r, jp, 
and if r be right, so arep, p or g, q. q.e. d. 

Cor. 2. In a right spherical tiiangle, not biquadrantal, the 
hypothenuse is nearer right than either oblique side. 

For • . • cos r = coap cos g, and cos j?, cos g < 1 , 

.'. cosr<cos/), cosg, [th. 5 

.'. ris nearer right than either p or g. q.e.d. 

Cor. 3. In a right spherical triangle^ not biquadrantaX, an 
oblique angle is nearer right than its opposite side. 

For •.• cos p = cos^ sin q, and sin q < 1, [th. 5 

.•. cos p< cos/), 

.•. p is nearer right than p. q. e. d. 

Cor. 4. In a right spherical tiiangle, whose parts are all posi- 
tive and less than two right angles, an oblique angle and its oppo- 
site side are of the same species. 

For •. • cos p = cos I? sin q, 

and sin q is positive and not 0, 

.'. cosp, coap are both positive, both negative, or both 
zero ; 

.*. p, p are both acute, both obtuse, or both right, q.e.d. 

Cor. 5. In a right spherical triangle whose parts are all 

positive and less than two right angles, if the hypothenuse be 

lOcute. ^1. .T . 'J j*i the same . , 

-{ , ' the other two sides are o/-j fy^^^^if.^ species, and so are 

the two oblique angles; and conversely. 
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For • . • cos r = cos j? cos g, 

.-. if r be ^ ''^"*^' then cosr is ^ l'**"'*!^^' 
» obtuse, ' negative, 

, both positive or both negative, 
.'. cos», cos a are < ^ ... .. ,, ° j.- 

^^ ' ^ one positive, the other negative, 

. both acute or both obtuse. 
' ' Vi H i QQg acute, the other obtuse. 

So for p, Q ; prove from the equation cos r = cot p cot q. 

EXAMPLES. 

1. sin^ ^r = sin^ ^p fio^\q 4- cos^ \'p sin* \ q, 

2. tan* ^p = tan ^ (?• 4- q) tan ^ (?* — q) . 

3. tan*^p = sin (r — g) : sin (r-f-g). 

4. tan ^P = sin {r — q) : sinp cos g = sin/) cos q : sin (r-\-q), 

5. sin (jp — g) =i sinp tan^p — sing tan^Q. 

6. tan^^p = tani (q + p - 90°) : tan^ (q - p + 90°). 

7. tan*^r = — cos(p + q): cos(p— q). 



§4. SOLUTION OF RIGHT SPHERICAL TRIANGLES. 
PrOB. 1. To SOLVE A RIGHT SPHERICAL TRIANGLE. 

Take each of the two given parts in turn for middle part^ and 
ajpply that formula which brings in the other given part. 

Take the remaining part for middle part^ and apply that for- 
mula which brings in both .of the parts just found. 

Solve the equations so found for the parts sought. 

Check : make the part last found the middle part., and apply 
that formula which brings in both the given parts. 

The check is defective in this, that it tests the functions, 
but not the angles got from these functions, i.e., not the final 
results ; more perfect checks are got from the general formulae. 

The check is applied to the sine of the part last found ; if 
the two values got for this sine, natural or logarithmic, differ 
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by not more than three units in the last decimal place, the work 
is probably right, since the defects of the tables permit this 
discrepancy in the two results ; if such discrepancy exist, the 
mean of the two values may be used. 



THE. PARTS ALL POSITIVE AND LESS THAN TWO RIGHT ANGLES. 

(a) Given p, g, the two sides about the right angle : 
then sin q = tanp cot p, . • . cot p = cotp sin q ; 
sin p = tan q cot q, . •. cot q = sinp cot q ; 
cos r = cot p cot Q ; check cos r = cos j? cos q. 

One triangle is always possible, and but one ; the parts r, p, 
Q are determined without ambiguity by the formulae. 




(b) Given r, p, the hypothenuse and one side : 

then cos r = cos^ cos g, . • . cos q = cos r : cosp ; 
sin p = sin r sin p, . • . sin p = sin p : sin r ; 
cosQ = cos q sin p ; check cosQ = tan jp cot r, 

A triangle is possible only when r is nearer right than p, or 
when r, p are both right. [th. 5 cr. 2 

The formula gives two values to p, supplementary, but only 
that value of p is admissible which is of the same species as p. 

The parts g, p, q are determined without ambiguity by the 
formula, unless p, r be both right, when cos q, cos q me inde- 
terminate ; then g = Q, and p is right. 

(c) Given p, g, an oblique angle and the adjacent side : 
then sin q = t&np cot p, . • . tanp = sin q tan p ; 

cos p = tan q cot r, . • . cot r = cot q cos p ; 
cos Q = tsmp cot r ; check cos q = cos q sin p. 
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One triangle is always possible, and but one; the parts jp, r, 
Q are determined without ambiguity by the formulae. 

(d) Given p, p, an oblique angle and the opposite side : 
then sin p = sin r sin p, . • . sin r = sin p : sin p ; 
cosp = cos p sing, .•. sin q = cos p : cosp ; 
sin q = sin r sin q ; check sin q = tanp cot p. 

If ^, p be not of the same species, no triangle is possible, 

[th. 5 cr. 4 
nor if p be nearer right than p. [th. 5 cr. 3 

If p, p be equal, but not right, 
theij •.• sinr, sinQ, sing' are all 1, 

.*. r, Q, g 9,re all right, 
and the triangle is biquadrantal. 

lip, p be both right, 
then r is right, the triangle is biquadrantal, [geom. 

and Q, q are indeterminate. 

If p be nearer right than^, and of the same species, 
then two triangles are always possible. 

For ••• r, Q, (7 are all found from their sines, 

and to every sine correspond two angles, supplementary, 

••• ^9 Q» 9'5 ™ay each have two values ; 

but ••• Q, g are of the same species, [th. 5 cr. 4 

.". with r acute, g, q are of the same species with p, p, 
and there is but one value for each of them ; [th. 5 cr. 5 

so, with r obtuse, g, q are of the opposite species to p, p, 

and there is but one value for each of them ; 

.*. two triangles, and but two, are formed with the data: 

viz. : that wherein r is acute, and g, q are of the same species 
with 2?, P ; 

and that wherein r is obtuse, and g, q are of the opposite 

species to ^, p. 
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This ambiguity appears directly from the figure. 

Produce the arcs pq, pr to meet at p' ; 

then ••• p = p', [geom. 

and ^PRQ, p'rq are both right, [by p. 

.•. two right triangles exist, pqr, p'qr, that have the same 
two parts given, ^, p, and the remaining parts of the 
one triangle supplementary to those of the other. 




(e) Given r, p, the hypothenuse and an oblique angle : 

then cos p = tan g cot r, .*. tan 5' = tan r cos p ; 

cos r = cot p cot Q, .*. cot q = cos r tan p ; 

Qinp = tan q cot q ; check sin p = sin r sin p. 

One triangle is always possible, and but one, for the part p 
is of the same species with p, and so can have but one of two 
possible values ; the parts p, g, Q are determined without ambi- 
guity by the formulae. 

(/) Given p, q, the two oblique angles : 

then cos p = cosjp sin q, .•. cos p = cos p : sin q ; 

cos Q = cos q sin p, .*. cos q = cos Q : sin p ; 

cos r = coap cos q ; check cos r = cot p cot q. 

The parts p, g, r are determined without ambiguity by the 
formulae ; but the solution is possible only when 

cos p : sin Q, cos q : sin p, each < 1 ; 

i.e., when p is nearer right than co-q, 

and when q is nearer right than co-p. 
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E.g., given p = 72°, 

cot p = cotp sin g, 

9.511776 
9.913365 

9.425141 

p = 75° 5' 45". 

cos r = cot p cot Q, 

9.425141 

9.823433 

9.248574 neg. 9.248573 neg. 

r= 100° 12' 34". [th. 5cr. 5. 

So, given r = 60°, jp=135°, r=90°: 

cos q = cos r : cosp, sin p = sinp : sin r, 

9.698970 9.849485 



g = 125°, R = 90°: 

cot Q = sinp cot g, 

9.978206 
9.845227 

9.823433 neg. 

Q= 123° 39' 40". [th.5cr.4 

check cos r = cosp cos q. 

9.489982 
9.758591 



9.849485 



9.937531 



9.849485 neg. 9.911954 

g = 135°. [th.5cr.5. p= 125°15'51". [th. 5 cr. 4 

cos Q = COS q sin p, check cos q = tan p cot r. 

9.849485 0.000000 

9.911954 9.761489 

9.761439 neg. 9.761439 neg. 

Q= 125° 15' 52". [th. 5 cr. 4. 

151°, R = 90°: 
sin Q = cos p : cosp. 



So, given p= 125° 31', 

sin r = sinp : sinp, 

9.685571 
9.910596 



P 



9.764131 
9.941819 



9.774975 
r= 36° 33' 27", 



9.822312 
Q = 138° 22' 39", 
or 143°26'33".[th.5cr.5.] or 41° 37' 21". [th. 5 cr. 5 

sin q = sin r sin q, check sin q = tan 2y cot p. 
9.774975 9.743752 



9.822312 



9.853535 



9.597287 9.597287 

g= 156° 41' 41", or 23° 18' 19". [th. 5 cr. 4. 
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So, given p = 1 19° 47', q = 55° 9', r = 90° : 

cos p = COS p : sin q, cos q = cos q : sin p, 

9.696113 9.756963 

9.914158 9.938475 

9.781955 neg. 9.818488 

^ = 127° 14' 56". g = 48° 49' 20". [th. 5 cr. 4 

cos r = cosjp cos g, check cos r = cot p cot q. 

9.781955 9.757638 

9.818488 9.842805 

9.600443 neg. 9.600443 neg. 

r= 113° 29' 7". [th.5 cr.5. 

With angles near the ends of a quarter, use the special table 
for small angles, or the formulae given in exs. 1-7, § 3. 

QuADRANTAL TRIANGLES. Find the polav of the given triangle ; 
it is a right triangle; solve it and take the supplements of the 
parts thus found for the parts sought in the given triangle, 

A biquadrantal triangle is indeterminate unless either the 
base or the vertical angle be given. 

Isosceles triangles. Draw an arc from the vertex to the 
middle of the base, thereby dividing the given triangle into two 
equal right triangles ; solve one of these triangles. 

If only the base and the vertical angle be given, there are two 
triangles, one triangle, or none, according as the base is less 
than, equal to, or greater than the vertical angle ; if only the two 
equal sides or the two equal angles be given, there is an infinite 
number of triangles ; otherwise, subject to the conditions just 
found (&, /) , there is one triangle, and but one. 

Oblique triangles. In most cases a perpendicular may fall 
from a vertex of an oblique triangle to the opposite side in 
such manner that one of the right triangles thus formed shall 
contain two of the three known parts, and the other right tri- 
angle shall contain one of them. 

Solve these Hght triangles in order and so combine the parts as 
to find the parts sought in the given triangle. 



1,§4.] SOLUTION OF RIGHT SPHERICAL TRIANGLES. 101 

ex;amples. 

1...10. Solve the right triangles, and check the work, given: 

1. ^ = 116°, g = 16°, R = 90°. 

[97° 39' 24", 17° 41' 40", 114° 55' 20" 

2. r = 140°, p = 20°, R = 90°. 

[32° 8' 48", 115° 42' 24", 144° 36' 29" 

3. p = 80°10', g = 155°46', r = 90°. 

[67° 6' 23", 153° 57' 34", 110° 46' 40" 

4. p = 100°, p = 112°, R = 90°. 

[27° 36' 59", 109° 41' 49", 25° 52' 33", 
or 152° 23' 1", 70° 18' 11", 154° 7' 27" 

5. r = 120°, p = 120°, R = 90°. 

[131° 24' 34", 40° 53' 36", 49° 6' 24" 

6. p = 60°47', Q = 57°16', r = 90°. 

[54° 31' 52", 51°43'1", 68° 55' 50" 

7. r = 140°, p = 140°, R = 90°. 

8. r = 120°, p = 90°, R = 90°. 

9. A = 80°, a = 90°, b = 37°. 

[97° 27' 18", 102° 27' 1", 36° 20' 49" 

10. B = 50°, b = 130°, c = 90°. 

11... 13. Solve the isosceles triangles, given: 

11. a =70°, 6 = 70°, A = 30°. [157° 39' 34", 134° 24' 30" 

12. a = 30°, A = 70°, B = 70°. 

13. a =119°, 6 = 119°, 0=85°. [113° 57' 11", 72° 26' 22" 

14. Show how to solve an oblique triangle by means of right 

triangles if the three sides be given. 

With the figures as on page 102, 

show that cos (c — q): cos q = cos a : cos 6, [th. 4 

then that tan (^c — g) = tan i(a -f- b) • tan i(a — b) : tan ^c, 

whence q is found ; and the rest follows easily. 

So if the three angles be given. 

15. If PQR be a right spherical triangle, show that 

P'-Q<90°<p-HQ< 270°. 
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§5. GENERAL PROPERTIES OF SPHERICAL TRIANGLES. ' 



LAW OF COSINES. 



Theor. 6. In any spherical triangle abo, 
cos a = cos b cos c + sin b sin c cos a, 




For, draw dc arc-ordinate of c as to ab, 
and let p, q, c — q=i dc, ad, db ; 
then ••• A ADC, bdc are right-angled at d, 
and cos b = cosjp cos g, cos a = cos p cos (c — g) , [th. 4 

. • . cos a = (cos b : cos q) (cos c cos g + sin c sin q) [ad. th. 
= cos b cos c + sin c cos b tan q ; 
and • . • tan q = cos a tan 6, [th. 4 

. • . cos a = cos b cos c + sin b sin c cos a ; 
and so for cos 6, cos c. Q. e. d. 

Cor. 1 . In any spherical triangle whose parts are all positive 
and less than two right angles^ a side arid its opposite angle are 
of the same species if there be another side as near right as the 
given side. 
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For let the side c be as near right as the given side a ; 
then • . • cos c ^ cos a, cos 6 < 1, 

.•. cos 6 cos c < cos a or cos6 cosc = cosa = 0, 

. • . cos a, cos a— cos b cos c, are positive, negative, or zero 
togethei; ; 
but •. • cos A = (cos a — cos b cos c) : sin b sin c, 
and •.• sin 6 sin c is positive, [II. th. 3 

.*. cos A, cos a— cos b cos c, are positive, negative, or zero 

together, 
.'. cos A, cos a, are positive, negative, or zero together, 
.•. A, a are both acute, both obtuse, or both right. q:e. d. 

Cor. 2. sin ^ a = ■^/[sm {s — b) sin (s — c) : sin b sin c] , • • • . 

For • . • 2 sin^ ^ a = 1 — cos a, [II. th. 13 cr. 

= 1 — [ (cos a — cos b cos c) : sin b sin c] [th. 6 

= [cos b cos c + sin b sin c — cos a] : sin b sin c 
= [cos (6 — c) — cos a] : sin b sin c [ad. th. 

= —2 sin ^ (6 — c-\-a) sin^ (6 — c — a) : sin b sin c 
= 2 sin -J- (a + 6 — c) sin ^ (a — & -f c) : sin 6 sin c 
= 2 sin (s — c) sin (s — 6) : sin b sin c, 
.*. sin-J-A = -y^[sin(s— &) sin (s — c) : sin 6 sin c] ; 

and so for sin I" B, sin ^c q.e.d. 

Cor. 3. cos J^ a = -^[sm s sin (s — a) : sin b sin c] . 

For • . • 2 cos^ I A = 1 -f- cos A [II. th. 13 cr. 

= 1 + [ (cos a — cos b cos c) : sin 6 sin c] [th. 6 

= (cos a — cos 6 cos c -j- sin 6 sin c) : sin b sin c 
= [cos a — cos (ft + c) ] : sin b sin c [ad. th* 

= — 2 sin^(a-{-6 -f-c) sin ^ (a— 6 — c): sin 6 sine 
= 2sin|^(a+ 6 + c) sin^( — a + &-f-c): sin6 sine 
= 2 sin s sin (s — a) : sin b sin c, 
.'. cos ^A = -y/ [sins sin (s — a) : sin b sine] ; 

and so for cos^^b, cos^c. q.e.d. 
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Cor. 4. taniA^y/[^sin(s—b) sin{s^c) : sins «in(s— a)], ••• . 

Theob. 7. In any spherical triangle abc, 

cos A = — cos B cos c + Sin B sin c cos a, •••• 

For •••in the polar triangle a'b'c', 

a' = sup. A, •••, A'=sup. a, •••, 
and cos a' = cos 6' cos c' + sin 6' sin c' cos a', [th. 6 

.'. cos sup. A = cos sup. B COS SUp. O 

+ sin sup. B sin sup. o cos sup. a, 
.•. cos A = — cos B cos c -|- sin B sin c cos a. q.e.d. 

Another proof, analogous to that of th. 6, is this : 
For, draw do arc-ordinate of c as to ab, 
and let 2>» Q» c + q = dc, Z bod, Z aod ; 




then ••• cosA = cos p sin (c+q), cos sup. B= cos p sing, [th.5 
.'. cosA = — (cos B : sin q) (sine cos Q+ cose sin q) [ad.th. 
= — cos B cos c — cos B sin o cot Q ; 

and •. • cot Q = — cos a tan b, [th. 5 

. •. cos A = — cos B cos c + sin B sin c cos a ; 

and so for cos b, cos c. q. e. d. 
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Cor. 1. In any spherical triangle^ whose parts are oM positive 
and less than two right angles^ a side and its opposite angle are 
of the same species if there he another angle as near right as the 
given angle. 

Prove as th. 6 cr. 1 was proved. 

Cor. 2. sin^a = ^[sin e sin (a — e) : sin b sin c] , •• • . 

[E = |(A-|-B-hO-7r) 

Prove from the formula 

cos A = -- cos B cos c + sin b sin c cos a 
as th. 3 cr. 2 was proved from the formula 

cos a = cos b cos c -f- sin 6 sin c cos a. 

Cor. 3. cos ^ a = -^[stw (b — e) sin (c — e) : sin b sin o] , • • • . 

CoR. 4. tan ^ a = -^y[^sin e sin (a— e) : sin (b — e) sin (o — e)]. 

Note. The formulae of th. 7 and its corollaries are the polar 
formulae of th. 6 and its corollaries, and may be proved by their 
aid if a be replaced by sup. a •••, a by sup. a, •••, s by sup. e, 
5 — a by A — E, ••• . 

LAW OF SINES. 

Theor. 8. In any spherical triangle abc 

sin a : sin b : sin c = sin a : sin b : sin c. 

For, draw dc arc-ordinate of c as to ab, and let jp = do ; 

[fig. page 104 
then '.* sin jp = sin 6 sin A, [th. 4 

and sinp = sin a sin sup. b = sin a sin b, 

.*. sin a* sin B = sin 6 • sin A, 
.-. sin a : sin 6 = sin A : sin B. 
So sin b : sin c = sin b : sin c. 

. * . sin a : sin b : sin c = sin a : sin b : sin c. q. e. d. 

Translated into words, th. 8 is : 

In any sphencal triangle the sines of the sides are proportional 
to the sines of the opposite angles. 
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Napier's analogies. 

Theor. 9. In any spherical triangle abc : 

fan ^ (a + 6) = cos^ (a— b) : cos^ (a-Hb)* tan^c^ 
tan J (a — 6) = sin ^ (a— b) : sin J (A-f- b) • tan ^c. 
tan i (A-+- b) = cos ^ (a — 6) : cos ^ (a + 6) • cof Jc, 
tan ^ (a— b) = sin ^ (a — 6) : sin ^{a-\'b)'Cot ^c, 

For let A; = sin a : sin a = sin h : sin b = sin c : sin c 

= (sin a ± sin h) : (sin a ± sin b) ; [law of sines 

then • . • cos a — cos h cos c = sin 6 sin c cos a [law of cosines 

= A; sin c cos a sin b, 

and cos h — cos a cos c = sin a sin c cos b 

= A; sin c sin a cos b, 

.*. (cosa + cos6)(l— C08c) = A:sinc sin (a+b) [add 
= (sin a ± sin 6) : (sin a ± sin b) • sin c sin (a+ b), 

.*. (sin a ± sin h) : (cos a 4- cos h) 

= (sinA± sins): sin (a-|-b)»(1 — cose): sine; 

I.e., 2 sin \{a ± b) cos^(a ip 6) : 2 cos^(a 4- &) cos^(a — b) 

= 2 sin-J^(A± b) cos^(AqF b): 2 sin-J^(A-f-B)cos^(A+ B)«tan ^c, 

[II th. 12 

.*. tan^(a + 6) = C08^(a— b): cos^(A-f-B)« tan^c 

and tan|^(a — 6) = sin^(A — b) : sin^(A+B)- tan^e. q.e.d. 

Prove the formulae for tan^(A + B), tan^(A'— b) as the 
polar formulae of those for tan i{a-\-b), tan ^ (a — 6) . 

CoR. 1. In any spherical triaiigle^ whose parts are all positive 
and less than two right angles^ the half-sum of any two sides and 
the half-sum of their opposite angles are of the same species. 

For •.* tani(A-f-B) cos^(a + 6) = cos^(a — 6)cot^c, 
a positive number, 

.*. tan^(A+B), cos^(a + ^) are both positive or both 
negative, or the first is infinite and the second zero, 

.*. ^ (a+ b) , i (a -h 6) are both acute, or both obtuse, or 
both right. Q. e. d. 
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delambre's formuue. 

Cor. 2. sin^ (a+ b) = ± cos^ (a — b) : cos ^c • cos ^c, 

cos^ (a4- b) = ± cos^ (a-^b): cos Jc • sin ^c, 

sini (a— b) = ± sin^ (a — b): siii^c • cos -Jc, 

cosi (a— b) = ± sin^^a -f- b) : sin^c* sin ^c. 

For, • . • (cos a + cos 6) ( 1 — cos c) = k sin c sin ( a -f- b) [above 

= sin c : sin c • sin c sin (a -|- b) , 

. • . sin ( A+ b) = (cos a -f- cos 6) (1 — cos c) sin c : sin^ c, 

=s2cos^(a+ft) co8^(a— 6) 2sin^^c sine: 4 sin^^c cos^^c 

[II, ths. 12, 13 
= cos i(a-i'b) cos i{a — b) sin c : cos^ ^c ; 

and ••• tan^(A+B) = co8^(a — 6): cos^(a + &)-cot^c 

[Nap. anal, 
and sin (a 4- b) tan^(A4-B) = 2 sin^^(A+B), 

and sin c cot ^ c = 2 cos^ ^ c, 

.-. sin*i(A-f-B) = cos^^(a — 6): cos^^c-cos^l^c. q.e.d. 

.'. sin-J(A-f-B) = ± cos ^ (a — 6) : cos^c • cos-J^c. 

The -{ fv.' .A o^ Delambre's formulae comes readily from the 
first (just proved) by dividing the first, member by member, by 

Napier's ^ gp^on^ *"*^^Sy [*^- ^] 5 *°^ Delambre's fourth for- 
mula, by dividing the second by Napier's first analc^y, or the 
third by his fourth analogy, or as the polar of the first formula ; 
or the three may be got in the same way as the first. 

Since Delambre's formulae may be got by division, as above, 
their second members must all be taken positive or all negative. 

If all the parts of a triangle be positive and less than two 
right angles, all the radicals must be taken positive, since each 
member of the first formula is positive. 

In general, if the radicals be positive for a given triangle, 
they are negative for a triangle whose parts are the same as 
those of the other, except that one side or one angle differs 
from the corresponding side or angle by four right angles. 
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EXAMPLES. 

1. From the two equations 

cos 6 = cos c cos a + sin c sin a cos b, 
cos c = cos a cos b + sin a sin b cos c, 

eliminate cos c, and prove that 

sin a cos b = cos a sin b cos c + sin c cos b ; 

thence eliminate sin c, and prove that 
sin a cot b = cos a cos c + cot b sin c ; 

and write the five symmetric formulae. 

2. Make c a right angle and from the formulae of ths. 6,7, and 

from those of ex. 1, find the formulae of th. 5. 

Show which of the corollaries of th. 5 are particular cases 
of the corollaries of ths. 6, 7. 

3... 15. In a spherical triangle abc, whose parts are all posi- 
tive and less than two right angles, prove that : 

3. sin s: sine = cos ^A cos ^B : sin ^c. 

4. cos s : sine = — sin ^a sin^6: cos ^c. 

5. sin (s — c) : sin c = sin^A sin^B : sin^c. 

6. cos (s — c) : sin c = cos ^a cos ib : cos ^c. 

7. sin (s — a): sin c = cos ^ a sin ^b : cos ^c. 

8. cos (s — a) : sin c = sin ^a cos ^b : sin^c. 

9. sin (s — c) : sin (s — a) = tan ^ a : tan ^c. 

10. cos(s — c): cos(s — A) = cot^a: cot^c. 

11. sin (s — a): sin s = tan^B tan^^c. 

12. cos (s — a): coss = — cot^fe cot^c. 

13. sin (s — a) tan ^ a = sin (s — b) tan ^b = sin (s — c) tan ic, 

14. cos (s — a) cot ^a = cos (s — b) cot ^6 = cos (s — c) cot ^c. 

15. s — A, s — B, s — c<90°. 
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§6. SOLUTION OF OBLIQUE SPHERICAL TRIANGLES. 
PrOB. 2. To SOLVE AN OBLIQUE SPHERICAL TRIANGLE. 

Apply such of' the formuloe of ths, 6-9 as serve to express the 
values of the three unknown parts in terms of three known parts. 

Check : form an equation involving the three computed parts 
and such of the given parts as may he necessary, 

Delambre's formulae are useful as checks ; and so are the 
formulae of exs. 3-14, § 5. In no case may the same parts be 
used in the same way in the solution and the check. 

the parts ALL POSITIVE AND LESS THAN TWO RIGHT ANGLES. 

(a) Given 6, c, a, two sides and the included angle : 

Find ^ (b + c) , ^ (b ~ c) , [Nap. anal. 

then |(b + c) + ^(b — c) = b, |(b -fc) — ^(b — c) = c. 

and sin a = sin h : sin b • sin a. [law of sines 

There is always one triangle, and but one ; the parts b, c are 
found without ambiguity by the formulae, and by th. 9 cr. 1, and 
the species of a is determined by Napier's analogies. 

(b) Given b, c, a, two angles and the included side : 

Find i" (& -h c) , i (& — c) , [Nap. anal. 

then 1(6 + c) + i (& - c) = 6, i(b + c)- i(b -c) = c, 

and sin a = sin b : sin 6 • sin a, . 

There is always one triangle, and but one ; the parts 6, c are 
found without ambiguity by the formulae, and by th. 9 cr. 1, and 
the species of a is determined by Napier's analogies. 

The triangle may also be solved by applying the rules for (a) 
to the polar triangle. 

(c) Gfiven a, 6, a, two sides and an angle opposite one of them: 
then sin b s=z sin a : sin a • sin b. 

Find c, c. • [Nap. anal. 

If a, 6, A be all right, the triangle is biquadrantal, and c, c 
are indeterminate and equal. 
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If a, 6, A be not all right, there are five cases : 

Let aba' be any great circle of a sphere, aa' a diameter of 
the sphere, cc' any diameter not meeting aba' ; 

draw the great circle cac'a' ; 




then the angle bag is a fixed angle, and ag Is a fixed arc. 

With G as pole and with different arc-radii draw small circles 
as follows : 

the circles 1, 1 not to cut ab ; 

the circles 2, 2 to touch ab ; 

the circles 3, 3 to cut ab in two points, to the right of a and to 
the left of a' ; 

the circles 4, 4 to cut ab at a and a point to the right of a, and 

at a' and a point to the left of a' ; 

the circles 5, 5 to cut ab to the left and right of a, and to the 
right and left of a'. 
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lietp be the are-ordinate of c as to ab. 

In the figure as drawn and described, a, b are both acute ; 
but with the arcs properly directed all possible cases may be 
illustrated by the same figure; t.e., a may be acute and b 
obtuse, or a obtuse and b acute, or a, b both obtuse. 

1 . a less near right than p : 
then •.•^sinB= sinj? : sina > 1, 

.'. there is no triangle. 

The arc a, swinging from the point c, does not reach, or it 
overreaches, the base. 

2. a just as near right as p : 
then •. • sin b = sinp : sin a = 1 , 

.*. B is a right angle ; 
and *.• b is nearer right than^ and than a, [th. 5 cr. 2 

.*. if A, abeof «{ .. species, there is ^ triangle. 

The arc a reaches the base at one point and subtends the 
angle a or the supplement of a. 

3. a nearer right thanp^ but less near right than b : 

then •.• siuB < 1, and b is nearer right than a, 

. « 1. J. I the same . x, i two . . i 

.-. if A, a be of -{ .. species, there are -{ triangles. 

[th. 6 cr. 1 

The arc a cuts the base at Bg, a'g on the same side of a. 

4. a just as near right as b : 

then •.' sins < 1, and b, b are of the same species, [th. 6 cr. 1 

.'. if A, abeof -{ ., species, there is -j triangle. 

The arc a cuts the base at B4 and at a or a'. 

5. a nearer right than b : 

then •.• sin B < 1, and b, b are of the same species, [th. 6 cr. 1 
.-. there is but one triangle. 
The arc a cuts the base at two points, on opposite sides of a. 
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(d) Given a, b, a, two angles and a side opposite one of them : 

then sin 6 = sin a : sin a • sin b. 

Find c, c. [Nap. anaL 

If A, B, a be all right, the triangle is biquadrantal and c, c 
are indeterminate and equal. [th. 5 cr. 1 

If A, B, a be not all right, there are five cases. 

Let aba'b' be any great circle of a sphere, whose pole is p, 
and with p as pole and arc-radius pl, equal to the comple- 
ment of a, draw a small circle lmn ; 

let angle a slide along the great circle ab ; 




then the terminal arc of a is always tangent to the circle lmn, 
as at blb', ama', b'nb. 

As the figure is drawn a is acute, b is the vertex of the angle 
b, and the terminal arc of b falls within, upon, or without the 
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arc bb'n according as a is less near, just as near, or nearer right 
than B. 

If c lie within b'lmn, or upon the arcs lb', b'n, there is no 
triangle ; 

if c lie without the arc bb'n, or upon the arcs bl, lmn, nb, there 
is one triangle ; 

if c lie within blmn, there are two triangles. 

So, with the arcs properly directed, if a be obtuse, and b' be 
the vertex of the angle b. 

Let p be arc-ordinate of c as to ab, so that &mp = sin h sin a ; 

1 . A less near right than p : 

then ••• sin 6 = sinjp : sin a > 1, [th. 4, hyp. 

.*. there is no triangle. 

The point a slides along ab as base, and the terminal arc of 
A does not reach, or it overreaches, the vertex c. 

2. A just as near right as p : 
then • . • sin h = sin jp : sin a = 1 , 

. • . 6 is a right arc ; 

and *.• b is nearer right than^ and than a [th. 5 cr. 2 

.- u i! I the same • xu • i one , . , 

.-. if a, A be of ^ ^.. species, there is ^ triangle. 

[th. 7 cr. 1 
The terminal arc of a passes through the vertex c once, and 
A is subtended by arc a or the supplement of a. 

3. A nearer right than p^ hut less near right than b : 

then •.* sin 6 < 1, and b is nearer fight than a, [^yp« 

.- u iJ I the same . ., itwo. . , 

.-. if a, Abeof ^ ., species, there are -j triangles. 

The terminal arc of a passes through the vertex c twice, and 
A is subtended twice by arc a, or twice by the supplement of a. 

4. A just as near right as b : 

then ••• sin 6 < 1, and 6, b are of the same species, [th. 7 cr. 1 

.'. if a, Abe of -{ ., species, there is ^ triangle. 
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The terminal arc of a passes through the vertex c twice : once 
when A coincides with b or b^ the point opposite b on the sphere, 
and once when a is subtended by arc a or the supplement of a« 

5. A nearer rigM than b : 

then ••• sinB < 1, and b, h are of the same species, [th. 7 cr. 1 

.*. there is one triangle. 

The terminal arc of a passes through the vertex c twice : in 
the one position a is subtended by arc a, in the other by the 
supplement of a-. 

The triangle may also be solved by applying the rules for (c) 
to the polar triangle. 

(e) Given a, 6, c, the three sides : 

m 

Apply the formulae of th. 6. 

If the half sum of the sides be not greater than either side 
and less than two right angles, there is no triangle ; otherwise 
there is one triangle, and but one. 

That there is a single triangle appears also from the formulae : 
for the half-augles computed must be less than a right angle, 
and but one such half -angle can be found from a given function. 

Of these formulae those of cr. 2 use nine different logarithms, 
those of cr. 3 use ten different logarithms, and those of cr. 4 
use only seven ditferent logarithms, for the computation of all 
the angles. Those of cr. 4 are, therefore, generally to be pre- 
ferred ; they may be put in the form : 

f JL _ 1 |sin (s — g) sin (s — h) sin (s — c) 

sin(s — a)\ sins 

tan^B = — ^— | siP (^ - <^) s^P (^ - ^) sin (s-c) ^ 
sm(s — b)\ sins 

tan 1 c = ^ / sin (s - a) sin (s - b) sin (s-c) , 

sin(s— c)\ sins 

wherein the second factor of the right member is the same, and 
may be computed once, for all. 
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(/) Given a, b, c, the three angles: 

Apply the formulse of th. 7. 

If the half spherical excess be not greater than zero and less 
than either angle, there is no triangle ; otherwise there is one 
triangle, and but one. 

That there is a single triangle appears also from the formulae : 
for the half-sides computed must be less than a quadrant, and 
but one such half -side can be found from a given function. 

Among the formulae of th. 7 the same choice may be made as 
in (e) ; the reader may transform those of cr. 4. 

The triangle may also be solved by applying the rules for (e) 
to the polar triangle. i 



GRAPHIC SOLUTION OF SPHERICAL TRIANGLES. 

Let ABC be a spherical triangle and o the centre of the sphere ; 
with A as pole draw a small circle through c cutting arc ab in r ; 
project R on oa at o' and c on o'r at c' ; 




through c' draw a parallel to oa cutting or in d ; 
then ••• cc'± plane oar and o'c, o'c' JL oa, 
.'. OD : OR = o'c' : o'r = o'c' : o'o = cos a, 

.•. OD = OR COS A. 

Project o' on OB at E ; 
then •.• CE_LoB, 

. • . OE = oc cos a = OR cos a. 



[geom. 



[geom. 
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(a) Qiven a, h^ c : 

from any centre o, and in the same plane, draw equal rays oa, 
OB, OR, making ^ aor, aob = 6, c ; 

on OB take e such that oe = or cos a ; 

project R on oa at o' and at e draw a perpendicular to ob meet- 
ing o'r at c' ; 

through c' draw a parallel to oa cutting or in d ; 

then cos a = od : or ; and so for cos b, cos c. 





A o 

(6) Qiven a, 6, c; 
construct A aor, aob as above ; 
on OR take d such that od = or cos a ; 
project R on OA at o' ; 

through D draw a parallel to oa cutting o'r in c' ; 
project c' on OB at E ; 
then cos a = oe : or. 

Find cosB, cose, as in (a). 

(c) Given a, a, h : 
construct Z. aor as above ; 
on OR take d such that od = or cos a ; 
project R on OA at o' ; 

througli D draw a parallel to oa cutting o'r in c' ; 
with centre o and radius or cos a draw a cu*cle ; 
and from c' draw tangents to this circle at e, e' ; 
take A aoe, aoe' as c, c' ; 
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I > I two 

then, if oc'-| = or cos a, there are< one triangles. 

I < I no 

(d) I A, B, c ; J a^b'c' (a) 

(e) Given < a, b, o ; solve the polar triangle < x'b'c' as in (b) 
If) I a, A, B ; « A'a'b' (c) 

EXAMPLES. 

1 ... 10. Solve the oblique triangles, and check the work, given : 

1. 6 = 98° 12', c=80°35', a =10° 16'. 

[149° 32' 51'', 30° 20' 29", 20° 22' 7" 

2. A = 135° 15', c = 50°30', & = 69°34'. 

[50° 6' 16", 120° 41' 47", 70° 28' 9" 

3. a = 40° 16', 6 =47° 14', a = 52° 30'. 

4. a = 120°, b = 70°, a = 130°. 

[58° 57' 20", 75° 36' 4", 56° 13' 23" 
or 165° 23' 44", 163° 26' 16", 123° 46' 37" 

5. a = 40°, b =50°, a = 50°. 

[65° 54' 52", 82° 48' 42", 56° 21' 24" 
or 114° 5' 8", 22° 16' 52", 18° 33' 2" 

6. A =132° 16', B = 139°44', a =127° 30'. 

[136° 8' 16", 114° 17' 48", 77° 43' 4" 

7. A =110°, B = 60°, a = 50°. 

8* A = 70°, B = 120°, a = 80°. 

[114° 49' 26", 65° 48' 58", 72° 56' 48" 

9. a =100°, 6=50°, c = 60°. 

[138° 15' 45", 31° 11' 14", 35° 49' 58" 

10. A =120°, B = 130°, c = 80°. 

[144° 10' 2", 148° 48' 46", 41° 44' 15" 

11. Test the results found above by the graphic solution of the 

triangles. 
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*§7. SPHERICAL ASTRONOMY. 
THE CELESTIAL SPHERE. 

In astronomy the elements of position of a heavenly body are 
distance and direction ; in spherical astronomy only one of these 
elements, direction, is regarded, and that is usually referred to 
the earth's centre. For this purpose all stars may be considered 
as at the same distance from the earth's centre upon the surface 
of a sphere of arbitrary radius called the celestial sphere. 

The trace of the plane of the earth's equator on this sphere 
is the celestial equator, whose poles (north and south) are the 
traces of the earth's axi&. 

The ecliptic is a great circle of the celestial sphere, the sun's 
apparent path in one year due to the motion of the earth around 
the sun ; it cuts the equator in two points, the vemaJ and the 
autumnal equinox, which are passed through b}' the sun, on 
March 20 and September 23. The obliquity of the ecliptic is 
the nearly constant angle of 23° 27' between the planes of the 
ecliptic and equator. 

Secondaries to any great circle, or primary, are great circles 
cutting it, and therefore its parallels at right angles. Second- 
aries to the celestial equator are hour-circles. 

To any obsei*ver the sensible horizon is a plane touching the 
earth's surface at the point of observation ; and a plane parallel 
to this plane through the earth's centre traces out on the celes- 
tial sphere the rational horizon, whose poles, zenith and nadir, 
are the traces of a vertical line, and whose secondaries are ver- 
tical circles. One of the vertical circles is also an hour-circle, 
the observer's celestial meridian, and passes through his zenith 
and nadir, and the north and south poles of the celestial sphere ; 
its plane is the same with that of the observer's terrestrial merid- 
ian, and it meets the plane of his sensible horizon in his m£' 
ridian line. The vertical circle that is perpendicular to the 
meridian is the observer's prime vertical, and it goes through the 
east and west points of his horizon. 
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SPHERICAL COORDINATES. 

As the position of a point on the earth's surface is defined by 
means of two coordinates (latitude and longitude), the stan- 
dards of reference being a convenient great circle (the equator) 
and a convenient point on it (the point where it is crossed by 
the meridian of Greenwich) ; so, the position of a star at any 
instant on the celestial sphere may be defined in either of three 
ways : 

1 . As to the celestial equator : 

The declination of a star is its angular distance (north or 
south) from the celestial equator measured upon its hour- 
circle ; and the arc of the equator intercepted between this 
circle and the vernal equinox is the star's right ascension; it is 
reckoned eastward from the vernal equinox from 0° to 360°. 
The complement of the declination is the polar distance. 

Instead of a star's right ascension its hour-angle is often used, 
in problems that involve diurnal motion, to define its hour- 
circle at any instant ; this angle is the angle at the pole between 
the observer's celestial meridian and the star's hour-circle, and 
is counted from the meridian, positive towards the west and 
negative towards the east. The right ascension of a fixed star 
changes very little, since the vernal equinox is nearly fixed on 
the celestial sphere ; the hour-angle changes every moment. 

2. As to the ecliptic: 

The latitude of a star is its angular distance from the ecliptic 
measured on a secondary ; and the arc of the ecliptic intercepted 
between the vernal equinox and this secondary, measured east- 
ward, is the star's longitude. 

3. As to the horizon: 

The altitude of a stai* is its angular distance from the horizon 
measured on a vertical circle ; and the arc of the horizon inter- 
cepted between this circle and the south point of the horizon 
is the star's azimuth. Owing to the rotation of the celestial 
sphere^ the horizon-coordinates change every moment. 
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RELATIONS BETWEEN ECLIPTIC -COORDINATES AND EQUATOR- 
COORDINATES. 

On the celestial sphere let p be the pole of the equator, q the 
pole of the ecliptic ; 

then the great circle through p, q is the common secondary of 
the equator and the ecliptic ; 

let V, w be the vernal and the autumnal equinox at quadrantal 
distances from s, t ; 

let PAM be the hour-circle of a star a and qa^ the secondary to 
the ecliptic ; 

then YM, ma are the right ascension and declination of a, and 
YN, NA are its longitude and latitude: 




These four coordinates of any fixed star are subject to only 
slight variations in any one year; they are recorded for the 
principal stars in a yearly almanac, with the data for com- 
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puting the variations ; the sun's declination is recorded for each 
day or half day, and may be got for any hour and minute by 
interpolation. 

The spherical angle xvs is the obliquity of the ecliptic, and, 
since vx, vs are quadrants, xvs is measured by the arc xs ; 

arcs xs, PQ, TT are each 23° 27', and arcs sp, yq are each 66° 33'. 

Equator-coordinates may be converted into ecliptic-coordi- 
nates : 

when VM, ma are given in the right spherical triangle mva, the 
arc VA and the angle mva may be found ; 

the angle nva is found by subtracting the obliquity, and the tri- 
angle NVA may be solved for vn, na ; so conversely. 

THE sun's annual MOTION. 

The particular case of the sun is simpler : since his apparent 
annual path is the ecliptic, his latitude is always zero, and his 
right ascension, declination, and longitude are the arc- abscissa, 
arc-ordinate, and arc-distance of a given angle, the obliquity ; 
his declination increases from 0° at v on March 20 to 23° 27' 
at s on June 21 (the summer solstice), then decreases to 0° at 
w on September 23, and to -23° 27' at t on December 22 (the 
winter solstice) , then increases to 0° at v ; his right ascension 
and longitude are equal at 0°, 90°, 180°, 270°, 360°. 

EXAMPLES. 

1. The altitude of a circumpolar star at upper transit is 60° 

and at lower transit 40° ; find the declination of tlie star. 

2. The vernal equinox culminated at 0^ 10™ 13% and a certain 

star culminated at 2^ 5^ 10" ; find its right ascension. 

3. Find the latitude and longitude of a star whose right ascen- 

sion is 5^ 13"^ and declination 60°. 

4. When the sun's declination is 15°, find his right ascension 

and longitude. 
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RELATIONS BETWEEN EQUATOR-COORDINATES AND HORIZON- 
COORDINATES. THE ASTRONOMICAL TRIANGLE. 

On the celestial sphere let p be the pole of the equator xy, 
and z that of the horizon ns ; 

then the great circle through pz is the celestial meridian, the 
common secondary of equator and horizon ; 

let zwz'e be the prime vertical perpendicular to both meridian 
and horizon and meeting both equator and horizon in the 
east and west points. 




The celestial sphere appears to make a complete revolution 
on its axis pp' in about 23^ 56™ 4" of civil time. This is the 
interval between two successive transits of any fixed star, and 
is a sidereal day. A sidereal clock shows hours when the 
vernal equinox culminates ; and the hours are marked from 
to 24. The sidereal time of a star's transit gives its exact right 
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ascension, which may be converted into angular measure at the 
rate of 15® to a sidereal hour, or 1° to 4 minutes, 15' to 1 min- 
ute, 1' to 4 seconds, and so on. 

The hour-circle of the star a coincides with the meridian in the 
position PAo bearing due south as seen from o, and the star has 
then its greatest altitude : 

in the position PA2 the star is on the prime vertical and bears due 
west ; 

in the position PAg the star sets below the horizon ; 

it reaches its greatest depression at A4 when its hour-circle 
passes over the meridian bearing due north ; 

it rises at A5, reaches the prime Vertical at a^ bearing due east, 
and culminates again at Aq. 

The spherical triangle zpAi for any position of the star a is 
the astronomical triangle : 

its sides zaj, pai are the co-altitude and co-declination of Aj ; 

the angles zpai, pzai are the supplement of the hour-angle and 
of the azimuth of a ; 

and the side pz is the observer's co-latitude ; 

for ••• this co-latitude is the angle between the earth's axis 
and the vertical line at the point of observation, 

and the traces of these lines on the celestial sphere are p, z, 

.*. the arc pz measures the observer's co-latitude. 

When the latitude is known the relations between the sides 
and angles of this triangle give the relations between the star's 
equator- and horizon- coordinates. 

The observer's latitude ma}'^ be determined, once for all, by 
the astronomical triangle when the declination, the altitude, 
and either the azimuth or the hour-angle of a heavenly body are 
known for some instant. If at the time of observation the body 
be on the meridian the hour-angle is zero, and the azimuth 
either zero or 180° ; if it be on the prime vertical, the azimuth 
is -90° ; if it be on the horizon, the altitude is zero ; and in all 
these cases the computation of latitude is simplified. 
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THE SUNS DIURNAL MOTION. SOLAR TIME. 

The sun's hour-circle pSq coincides with the observer's merid- 
ian at noon ; the hour-angle zpSi at any instant measures the 
time of observation from noon ; the angle zpsg measures the 
time of sunset. 

The greater the declination xs©, the greater is the hour-angle 
of setting, ZPS3, the longer the day, and the shorter the night. 
The day is longest in the northern hemisphere when the decli- 
natipn is greatest, June 21, the summer solstice. When the 




declination is zero, the diurnal path S0S5 coincides with the 
equator, and is bisected by the horizon ; the day is then equal 
in duration to the night, and hence the term equinox. When 
the declination is 23° 27' s., the day is shortest in north latitudes, 
and the night longest (winter solstice). 
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The interval between two successive transits of the sun over 
the same meridian is an apparent solar day. This interval 
varies, from two causes : the obliquity of the ecliptic, and the 
variability of the sun's apparent motion in the ecliptic. 

The mean sun is an imaginary body, supposed to move uni- 
formly in the equator with the annual period, and with the 
average velocit}^, of the true sun. It culminates at civil or mean 
noon, and the constant interval between two successive transits 
is a mean solar day. This interval is divided into hours, min- 
utes, and seconds. A second of mean solar time is the ordinary 
time-unit, and is the same fraction of a mean solar daj- as a 

sidereal second is of a sidereal day. The -{ ^ solar time 

' apparent 

is the hour-angle of the ^ . sun, at any instant. The angle 

between the mean and true hour-circles is recorded for each 
day, in the almanac, as the equation of time. It varies through- 
out the year between and about -16 minutes of time. 

The astronomical day begins at mean noon, and the hours 
are numbered from to 24. 

In what follows, apparent time is used. 



EXAMPLES. 

5. The meridian altitude of the sun's centre was 25° 38' 30" s., 

and his declination 22° 18' 14" s. ; find the latitude. 

6. The meridian altitude of Jupiter was 50° 20' 8" s., and his 

declination 18° 47' 37" n. ; find the observer's latitude. 

7. The sun crossed the prime vertical at an altitude of 54° ; 

find the observer's latitude and the time of day, the sun's 
declination, got by interpolation for the approximate time 
of day, being 18° 30'. 

Here, zsg = 36°, PSg = 71° 30', pzsg = 90° ; find zp, zpsg. 

<3. Find the observer's latitude in ex. 1. 

In what latitude will this star just graze the horizon ? 



126 SPHERICAL TRIANGLES. [IV, 

y. If the sun's declination be 22^26' n., altitude 40*55' at 
3 P.M., find the observer's latitude. 

In this example, zsi = 49° 5', PSi = 67° 34', zpsi = 3 h.=45% 
and the co-latitude, fz, is to be found. 

10. In latitude 13° 17' n. the sun's altitude was 36° 37', his dec- 

lination was 22° 10' s. ; find his hour-angle. 

11. If the sun's declination be 17° n., find the time in the 

afternoon when he will be due west from a place in lati- 
tude 51° N ; and find how far from the west point he will 
set (his amplitude at setting) . 

12. If the sun be due west at setting (amplitude zero), find his 

declination and the time of year. 

13. If the time of sunset be sought on any given day, a quad- 

rantal triangle pzsg may be solved for the hour-angle zpsg. 

If the sun's declination be 14° s. and the latitude 42° n., 
find the time and amplitude of sunrise and sunset. 

14. Find the time of setting in ex. 12. 

15. Find the length of the longest day in Ithaca, excluding 

twilight, latitude 42° 30' n. 

16. Find the lowest north latitude in which the sun does not 

set on the longest day, nor rise on the shortest day. 

17. Find the time of sunrise in Boston, latitude 42° 21' n*., on 

the shortest day of the year, and the sun's amplitude. 

18. The phenomenon of twilight is due to the reflection and 

refraction of some of the sun's rays toward the observer's 
eye when the direct rays are intercepted ; it begins or 
ends when the sun is about 18° below the horizon : 

How long does twilight last in Boston on the shortest day ? 

Given ZS4= 90° + 18°, PS4, zp ; find ZPS4, and subtract the 
hour-angle of sunset, zpSg. 

19. Find the length of the longest day in Ithaca, including 

morning and evening twilight. 
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20. In what latitude does the sun get just 18° below the 

horizon on the longest day, so that twilight lasts all 
night ? 

Here, NSg = 18°, PS5 = 66° 33' ; find the co-latitude zp. 

21. Given the declination of Aldebaran, 16° 17' n ; find his alti- 

tude and azimuth to an observer at Boston when the 
hour-angle of this star is 3^ 25™ 12" ; and the hour-angle 
and amplitude at rising and setting. 

22. Find the angular distance between the moon, altitude 40°, 

azimuth 25° w., and Venus, altitude 24°, azimuth 90° w. 

23. At what time of day, March 20, do shadows in Ithaca point 

24. The greatest altitude of a star was 40° in latitude 50° n. ; 

find its declination. 
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When a mariner cannot make celestial observations, he has 
recourse to dead-reckoning, i.e., he computes the position of his 
ship from the latitude and longitude of her starting-point, or of 
the place of last observation, and the records of sailing. This 
dead-reckoning is the subject of navigation proper, as distin- 
guished from nautical astronomy. 

The rate of sailing is usually recorded every hour, and is 
measured by the log-line. This is a line wound on a reel and 
attached to a small quadrantal piece of board. The quadrant 
is loaded on the arc with lead to keep it upright when thrown 
into the water and prevent its moving foi ward toward the ship 
while the line is running out. The log-line is divided into 
knots^ each a hundred-twentieth part of a nautical mile, so that 
the number of knots run out in half a minute gives the ship's 
hourlv rate in miles. 

The direction of sailing at any time is shown by the mariner's 
compass. 
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The reading of the compass is to be corrected for variation, 
deviation, and leeway. 

The variation As the angle between the magnetic and true 
meridians ; it is found, for various places, by astronomical ob- 
servations, and laid down on the nautical charts. 

The deviation is the angle of deflection of the needle from the 
magnetic meridian, caused by the iron of the ship ; it is found, 
for a given ship and a given direction, by special experiments. 

When there is a side wind, the angle which the ship's track 
makes with her fore-and-aft line is the leeway; it is found, for 
a given ship,, a given freight, and a given obliquity and velocity 
of the wind, by special experiments. 

The corrected reading is the course; it is the angle between 
the ship's true meridian and her true direction of motion. In 
what follows, the corrections are supposed to have been made, 
so that the given courses are the true courses. When the course 
is kept constant, the ship's track crosses every meridian at the 
same angle ; the path is neither straight nor circular, but a spiral, 
the loxodrome or rhumb-line, that goes round and round the 
earth's surface, coming nearer and nearer to the pole ; and its 
length is the distance. 

The meridian length between the first and last parallel of lati- 
tude is the difference of latitude made by the ship. 

The departure is her easting or westing from her first meridian ; 
it is measured as follows : if she sail on a parallel of latitude, 
the departure is the distance made on the parallel ; if she sail on 
a loxodrome, the departure for each successive instant is meas- 
ured on the parallel she is then crossing, and the limit of the 
sum of these infinitesimal departures is the total departure. 

The unit of length is the nautical mile, about 6076 feet, a 
sixtieth part of a degree of a great circle of the earth. Sixty 
nautical miles are a little more than sixty -nine statute miles. 

In what follows the earth is regarded as a perfect sphere. 
The error thus introduced is too small to be taken into account 
in any calculations whose data are derived from the log-line 
and compass. 
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PLANE SAILING. RELATIONS BETWEEN COURSE, DISTANCE, 

DIFFERENCE OF LATITUDE, AND DEPARTURE. 

Let AD be the rhumb-line, pa, pd the first and last meridians, 

pm, pn ••• meridians at equal small intervals ; 
, p 

C Departure 




let m^m^ n^n, •••be the small arcs intercepted on successive par- 
allels ; 

then the total departure from a to d is the limit of the sum 
m'm H-?i'n+ •••» when the meridians are taken very close 
together. [df . dep. 

The infinitesimal triangles Amm', mnn^ may be treated as 
right plane triangles ; and since the course is constant the}' are 
similar. The elements of the motion are thus given by a series 
of infinitesimal right plane triangles, the sum of whose hypothe- 
nuses is the distance, of whose bases is the departure, and of 
whose altitudes is the difference of latitude. These three sums, 
and the course, have the same relations to each other as the 
parts of any one of the elemental triangles ; hence they may be 
accurately represented by the parts of a right plane triangle. 
For this reason, although the sphericity of the earth is taken 
into account, the term plane sailing may be applied to any 
problem into which the difference of longitude does not enter ; 
and the solution is effected by the rules for the solution of right 
plane triangles. 
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PARALLEL SAILING. RELATIONS BETWEEN A DISTANCE SAILED 

ON A GIVEN PARALLEL OF LATITUDE AND THE DIFFERENCE 
OF LONGITUDE. 

Theor. 10. The length of an arc of a parallel of latitude is 
the product of the length of the equatorial arc of the same number 
of degrees by the cosine of the latitude of the parallel. 

For let p be a pole of the earth, c its centre, a, a' any two 
points on the equator, pa, pa' two meridians cutting a par- 
allel of latitude in l, l' ; 

let o be the centre of the arc ll' ; 




then ••• arc ll' : arc aa' = ol : ca 

= ol : CL = cos ACL = COS. lat., 
.•. ll' = aa' cos. lat. 



[geom. 



Q. e.d. 



MIDDLE LATITUDE SAILING. APPROXIMATE RELATION BETWEEN 

THE DIFFERENCE OF LONGITUDE AND THE DEPARTURE ON A 
LOXODROME. 

The departure from a to d lies. In value, between ab and cd, 
and for short distances is nearly the same as the ship makes if 
she sail between the same two meridians on the mid-parallel, 
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i.e., the parallel whose latitude is half the sum of the latitudes 
of A and D. Hence the departure from a to d is taken equal to 
the product of the difference of longitude of a and d by the 
cosine of their middle latitude. [th. 10 

The difference of longitude is thus connected with the other 
elements of the ship's path. 

MERCATOR'S projection. ACCURATE RELATION BETWEEN THE 

DIFFERENCE OF LONGITUDE AND THE DEPARTURE ON A LOX- 
ODROME. 

Project the figure of p. 129 on a plane surface as follows : 



C Difference of Longittuie 




1. Draw a horizontal line for the equator and vertical lines 
at equal intervals for the meridians. 

It follows that the projection m'm of any arc of a parallel is 
equal to the corresponding arc of the equator, and is therefore 
multiplied by a projecting factor, the secant of its own latitude. 

2. Draw a straight line cutting the meridians at the constant 
angle given by the course. 

It follows that the angles of each small plane triangle remain 
the same ; so that while each triangle is enlarged, its shape is 
preserved, and mW or mn^ has the same projecting factor as 
mm\ and n'p' or np' the same projecting factor as n'n, and so on. 
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Each small portion of the meridian in the neighborhood of 
any parallel is therefore multiplied by the secant of the latitude 
of that parallel, and the total length of the projection of any 
given portion of a meridian is the limit of the sum of these 
products, when the parts are taken indefinitely small. In prac- 
tice it is sufficiently accurate to take each part as two minutes 
or nautical miles, and to use as its projecting factor the secant 
of the latitude of its middle point. 

E.g., the meridian-arc between the equator and latitude 13° 16' 
projects into a distance on the chart equal to the sum 

2(sec 1' -f sec 3' + sec 5' H \- sec 795') 

in nautical miles, on the assumed scale. This distance is com- 
puted and .tabulated as the meridional part for 13° 16'. In 
computing such a table, each entry may be used in succession 
to find the next one, e.g., the meridional part for 36' is found 
from that for 34' by adding 2 sec 35', and so on. 

The difference between the meridional parts for two latitudes 
is their meridional difference of latitude. 



C Difference of Longitude D 
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In the figure above, ac is the meridional difference of latitude 
from A to D, and cd is the difference of longitude ; 

and dif . long. : merid. dif . lat. = tan course 

= dep. : true dif. lat. [plane sailing 
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These equations connect the difference of longitude with the 
other elements of the ship's motion : 

-E.g,, given the latitude and longitude of a, the course and 
distance from a to d ; 

find by plane sailing the departure, the difference of latitude, 
and the latitude of d ; 

find the meridional difference of latitude by subtracting meridi- 
onal part for latitude a from that for latitude d ; 

compute the difference of longitude from the above relations. 

Note. The student of the calculus will see that the exact 
meridional part for latitude X is 

/q^ sec X ' dX = log, tan (i?r -f iA.) , in radians ; 

and this result may be reduced to nautical miles, as follows : 

•.• log, tan (iTT + I-X) = logiotan (45° + J^X) . 2.3026, 
and r = 3437.75', 2.3026 • 3437.75 = 7916, 

.-. loge tan (45° + iX) = logiotan (45° + iX) - 7916. 

JE7.^., if A=13°15'; 
then 45° + iX = 51° 37' 30", 
the merid. part = 0.10134 . 7916 = 802 nautical miles, 
and this latitude is enlarged in the ratio 802 : 795. 

TRAVERSE SAILING. 

PrOB. 3. To REDUCE THE RESULT OF SEVERAL SUCCESSIVE 
COURSES AND DISTANCES TO A SINGLE COURSE AND DISTANCE. 

(a) The latitude of the starting-point 7iot given: 

Compute each separate difference of latitude and departure by 
plane sailing; take the algebraic sum of the separate differences 
of latitude for the value of the direct difference of latitude^ and 
the algebraic sum of the departures for an approximate value of 
the direct departure; find the direct course and distance by plane 
sailing. 
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(b) Tlie latittuie of the starting-point given : 

LCLtitlL^jP 

Compute the separate differences of -{ . . , by Mercator's 
or middle-latitude sailing; take their algebraic sum for the direct 
difference of -{ . 't d - fi"^^^ these find the direct departure by 

Mercator's or middle-latitude sailing; find the direct course and 
distance by plane sailing. 

Note. The first course and distance entered is usually got 
b3' taking a departure^ i.e., by taking the bearing and distance 
of some object of known latitude and longitude ; the reverse of 
these are entered on the log-slate as the first course and distance. 

GREAT CIRCLE SAILING. 

The shortest distance between two places is the great circle 
arc joining them ; it does not cut all the meridians at the same 
angle ; hence to keep on a great circle the ship must continually 
change her course. By means of a chart several places on the 
great circle may be determined, and if the ship lay her course 
for these on successive rhumb-lines, her path will differ little 
from the circular arc. 

• The elements of the great circle track between two given 
places are the distance, the first and last courses, and the high- 
est latitude passed through. These are got from the spherical 
triangle whose vertical angle at the pole is the difiference of lon- 
gitude of the two places, and whose sides are their co-latitudes. 

CURRENTS. 

In order to ascertain the set and dnft of a current, i.e., its 
direction and velocity, a boat is taken a short distance from 
the ship and kept stationary by letting down a heavy weight ; 
the log is thrown from the boat, and the direction in which it is 
carried, i.e., the set of the current, is taken by the boat com- 
pass, while the drift is given by the number of knots run off in 
half a minute. The effect of the current is considered equiva- 
lent to an independent course. 
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E.g.,, if a ship sail 10 knots an hour in a current setting s.e. 
5 miles an hour, what course must she lay to make a place 
whose bearing is s.w. by s. ? 

(a) By construction and measurement. 
Take ab pointing s.e., and equal to 5 on any scale ; 
take AC pointing s.w. by s. ; 

.N 




with B as centre and radius bc equal to 10 cut ac in the point c ; 

complete the parallelogram abcd : 
the angle sad is the course sought. 

(b) By computation. 

In the triangle abc, the sides ab, bc and the angle bag being 
known, compute the angle boa, and thence the course sad. 



TACKING. 

A ship is on the { ^ tack when the wind is on her 

■\ /f ^ . ' she is close-hauled on either tack when she sails as 

nearly as possible toward the point whence the wind blows. 

If when close-hauled she find her destination lying between 
her path and the wind, then she cannot reach it on this single 
tack ; but she may continue till the angle that the direction of 
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her destination makes with the wind is just equal to her angle 
of close-haul, and then run in close-hauled on the other tack. 

E.g.^ if a ship can sail within 6 points of the wind on the 
port tack, and within 5^ points on the starboard tack ; 

find her course and distance on each tack to reach, in the short- 
est time, a point 15 miles n.w., with the wind due west. 

(a) By construction and measurement. 

Take ac pointing n.w., and equal to 15 on any scale ; 
for the port tack draw ab 6 points to the right of the wind ; 
for the starboard tack draw ad 5^ points to the left of the wind ; 
from the point c draw cb parallel to da ; 
measure ab and bo for the distances on each tack. 




(b) By computation. 

In the triangle ABC, ac = 15, a = 6— 4 = 2pts, 



B = 8 — 6 + 8 — 5^ = 4^ pts, c = 5^ + 4 = 9^ pts, 
[check A -h B H- c = 16 pts] ; compute ab, bc. 
The answer is the same whichever tack be taken first. 

Note. The surface of the earth is supposed to be flat within 
the limits of these problems. They come usually under case (6) 
in compound-course sailing. 
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EXAMPLES. 

1. A ship sails due west 117 miles from a point in lat. 38° n., 

long. 16° E. ; find the longitude reached. [13° 31' 30" e. 

2. In what latitude is a degree of longitude half as long as at 

the equator? 

3. Sail s.E. 67 miles from New York light, lat. 40° 28' n., 

long. 74° 8' w. ; by middle-latitilde sailing find the lati- 
tude and longitude of the point reached. 

[39° 40' 36" N., 73°6'6"w. 

4. Find the course and distance from Montauk Point, 41° 4' n., 

72° w., to Martha's Vineyard, 41° 17' n., 70° 48' w. 

[n. 76° 30' 40" E., 55.73 miles by middle-latitude sailing ; 

N. 76° 43' E., 56.58 miles by Mercator's sailing. 

5. A ship sails from a point 14° 45' n., 17° 33' w., on a course 

s. 28° 7' 30" w., till she reaches longitude 29° 26' w. ; 
find by Mercator the distance sailed and the latitude. 

[1500 miles, 7° 18' s. 

6. From a point in latitude 50° 10' s. a ship sails s. 67° 30' e. 

till her departure is 957 miles ; find by Mercator the dis- 
tance sailed, the difference of latitude, and the difference 
of longitude. [1036, 6° 36' 24", 26° 53'. 

7. A ship starting from a point in latitude 32° n. sails n. 25° e. 

16 miles, thence s. 54 e. 11 miles, thence n. 13 w. 7 miles, 
thence n. 61° e. 5 miles, thence n. 38° w. 18 miles ; find 
the single course and distance that would bring her to the 
same destination. [(a) n. 13° 12' 20" e., 32.30 miles ; 

(b) N. 11° 40' 37" E., 32.12 miles. 

8. Find the elements of the great circle track between New 

York light and Cape Clear, 51° 26' n., 9° 29' w. 

9. So, between San Francisco, 37° 48' n., 122° 25' w., and Cape 

of Good Hope, 33° 56' s., 18° 29' e. 
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V. DERIVATIVES, SERIES, TABLES, Etc. 



§ 1. DERIVATIVES OF TRIGONOMETRIC FUNCTIONS. 

For definition of limit, derivative, etc., see o. w. j. alg. VII. 

Some of the fundamental properties of derivatives are, for 
convenience of reference, set down here as lemmas without 
proof ; they are given in two forms : 

If A, B be functions of any same variable x, then : 

LeM. 1. D,(A + B)=Da,A+D3.B, 8(a-|-b) = 8a+ 8b. 

LeM. 2. I>a;(A • B) = B-Dj^ + A«Da^, S(a • b) =^B • 8A-f A • 8b. 

Lem. 3. i>a,(A : b) = (b • DjjA— A • DjjB) : b^, 

8(a: b) = (b«8a— A'8b):b2. 
Lem. 4. d^" = n • a""^ • d,a, 8a** = n • a""^ • 8a. 
Lem. 5 . d, log^ a = d^^a : a, 8 loge a = 8a : a. 

wherein d, = x-derivative of, B = an increment of, and the sign 
= , read approaches, means that the difference of the two 
members is infinitesimal as to either of them. 

Theor. 1. If he the measure of an infinitesimal plajie angle, 
in radians, then lim (sin : 0)=1, lim (tan : 0)=1. 

For, let c be the circumference of a circle, o the centre ; 

let p, p' he the perimeters of two regular polygons of the same 
number of sides, the first inscribed in and the other cir- 
cumscribed about the circle, and having their pairs of sides 
pp', tt', ••• parallel ; 

draw OAX perpendicular to pp', tt' ; 

then *.• p <c <.p\ whatever the number of sides, [geom. 

and p=p^ when the number of sides becomes infinite, 

.•. c is the common limit oi p, p', 

.'. unity is the common limit of the ratios p: c, p' : c; 
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and *.• the two polygons are similar, and ap, xp, xt are like 
parts of p, c, p'^ [geom. 




and 



and 



. ^ ^ AP XP 

.•. sin ^ : ^, = — : — , = ap : xp = p : c, 

OP OP ^ 



. ^ XT XP 

.• tan^ : 6j =z:z:' 'zz^ 



XT : XP = jp' : c ; 



ox ox 
.•. lim (sin 0:0) = lim (_p : c) = 1, 

lim (tan 0:0) = lim {p' :c)= 1 . 



Q.E.D. 



Cor. lim (chord 0:0) = lim (2 si7i ^0: 0) = 1, 

Theor. 2. IfObe any plane angle, then: 

j)0 sin = cos 0, T)0 CSC = —cot esc 0, 
D^ cos = — sin 0, D^ sec = tan sec 0, 
Dq tan = sec^O, d^ cotO = '- esc? 0. 

For, let 0' be an infinitesimal angle, the increment of ; 
then •.• 8in(d-f^')-sin^=2cos(^H-i^')sini6>', [II th. 12 

.-. [sin (0 + 0') - sin ^] : ^'= cos (0 + iO') - sin |^' : iO'. 
But *.• ^' is the increment of 0, [pyP' 

and sin (0 + 0') — sin is the consequent increment of sin 0, 

.'. lim (inc sin^: inc^), =D0sin^, =cos^. q.e.d. [th. 1 
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So •.• COS {$ -f ^0 - cos ^ = - 2 sin (^ -hi^') sin i^', 

.-. [cos(^ + ^')-co8d]:^' = -sin(^ + i^')-sinid':i^', 
.•. lim(inc cosd : inc^), = d^ cos ^, = — sin B. q.e.d. [th. 1 

So D^ tan ^, = i>Q (sin : cos B) , 

= (cos B Dq sin B — sin B Dq cos B) : cos^ B 
= (cos^ ^ + sin^ B) : cos^ ^ = sec^ B. 

So for D^ CSC B, = Dg(l : sin B) , for d^ sec B, for d^ cot ^. 

Geometric proof. Let o-xp be any circle, and q a point on 
this circle near p ; 

bisect arc pq at r, and join ox, op, oq, or ; 

draw ordinates ap, bq ; 

join p, Q, and through p draw a parallel to ox meeting bq in d ; 

let ^=Z xop, B'=Z POQ, (B-\-iB') = Z xor, r = radius of circle ; 




then ••• sin ^ = ap : r, sin {B + B') = bq : r, B' = arc pq : r, 
and Z DQP = Z xor, [geom. 

.*. [sin {B + B') — sin ^] : ^' = dq : arc pq 
= (dq : ch. pq) • (ch. pq : arc pq) 

= cos (B + i^') • (c^- ^Q • ^'c ^Q) ? 
.• . lim (inc sin B : inc ^) , = d^ sin ^, = cos B ; [th. 1 cr. 

and so for d^ cos ^, d^ tan B, ••• . 



Q.E.D. 
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/ 

EXAMPLES. 

1. If ^ be any plane angle and 0' be the increment of ^: 

then ' inc^ sin d = - (2 sin i O'Y sin (0 + d') , 

inc^ cosd = - (2 sin iOy cos {$ + $') , 

inc*sin^= (2 sin ^^')' sin (^-f- 2^'), 

inc* cos^ = (2 sin i^')* cos (0 + 26'), 

wherein inc^ sin ^=the increment of the increment of sin^, 

I.e., [sin((9+2^') - sin(^+^')] - [sin(^-f ^') - sin ^], 

or sin {0 + 20') - 2 sin {0 + 0') -f sin ^ ; 

and inc* sin = inc inc inc inc sin 0, 

i.e., sin (^ + 4 ^') - 4 sin (^ 4- 3 ^') + 6 sin (0 + 2 0') 
- 4 sin (0 + 0') + sin 0. 

2. If 8p, 8g, 8r, 8p, 8q, be any simultaneous small changes in 

the values of p, g, r, p, q, that are consistent with the 
known relations of the parts of a right triangle 

[p -|- Q = 90°, p^+ g^ = r^, j9 = r sin p, g = r cosp], 
then 8q = — 8p, 8r = --8pH — 8g=sinP'8p+cosp-8g, 

8p = sin p • Sr+r cos p • 8p, 8g=cos p • 8r— r sin p • 8p, 
and [eliminate 8r from the last two equations] 

r r p^ + 9'^ 

3. If, in a right triangle, only the values of p, q be given, 

and if these have the possible errors ~p', "q' ; i.e., it p 
may possibly differ from its assumed value by either ^p' 
or ~p', and q by either ~^q' or ~q' ; show from ex. 2 that 
the resulting values of r, p will have the possible errors 

^ PP'+gQ\ =±(p'sinp4-9'cosp), 

and ±-22Ldl2£.^ = ± - (g' sin p +p' cos p) ; 

r^ r 

wherein p', q' are positive. 



142 DERIVATIVES, SERIES, TABLES, ETC. [V, th. 

So, if only g, r be given, with the possible errors ^q\ '^r\ 
find the possible errors of the other sides and angles. 

So, if oijly g, p be given, or only r, p, with the possible 
errors g , p', or r', p'. 

4. From the known relations of the parts of an oblique tri- 

angle [A-h B -h c = 180°, a sin B = & sin a, • • •] prove that 

(a) 8A-h8B + 8c = 0, 

(6) h cos A • 8a— a cos b • Sb — sinB • 8a -h sin a« 86 = 0, 
c cos B • 8b — 6 cos c • 8c — sin c • 86 + sinB • 8c = 0, 
acosc«8c — c cos a«8a— sinA* 8c + sine •8a = 0. 

From these equations, by elimination and reduction, derive 

(c) 5 • 8c -h c cos A • 8b — sin a • 8c -f- sin c • 8a = 0, 
c • 8b + ^ cos A • 8c — sin a • 86 + sin b • 8a = 0, 

with four symmetric equations ; 

(d) 6 sin c • 8a — 8a + cos c • 86 + cos b • 8c = 0, 
with two symmetric equations. 

5. If in an oblique triangle only a, b, c be given, and if their 

possible errors be ^a : 10000, -10", -15", find the possible 
errors of a [ex. 4, a] ; of 6 [ex. 4, c] ; of c [ex. 4. c]. 

Find the values of these possible errors when abc is very 
nearl}' equilateral, 5000 feet on each side. 

6. Given the values of c, a, 6, with the possible errors '^'c', ^a\ 

"^h^ find the possible errors of b, a, c [ex. 4, c, c?]. 

7. Given a, a, 6, with possible errors '^'a', "^a^ ~h\ find the 

possible errors of b [ex. 4, 6] ; of c, c. 

8. Given a, b, 6, with possible errors ~a', ~b', ~6', find the 

possible errors of c, a, c ; first, when, as in all the above 
cases, the computation is assumed to be exact ; second, 
when c, a, c have the further possible errors ~c", ^a^\ 
"^c" from decimal figures omitted in the computation. 

9. Given a, 6, c, with possible errors "^a^ ^b\ ~c', find the possi- 

ble error of a ; with a possible error in computation of'^A". 
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§2. EXPANSION OF TRIGONOMETRIC FUNCTIONS. 
Theor. 3. IfOhe any plane angle expressed in radians^ then : 

3! 5! 7! ' 

cos 6=1 h'*'. 

2 ! 4 ! 6 ! 

For, \etsmO = A'\-Be-\-ce^ + DO^ + BO* + FO^+'", 
wherein a, b, c, ••• are unknown, but constant; 
find the successive derivatives of both members of the equation ; 
then cos^ = b + 2c^ + 3d^2^4e(93 + 5f^* + ...; [th.2 

-sin^ = 2c + 6D6>-|-12E^2_^20F^3+...; 

— COS^=6D + 24E^ + 60Fd2_|..... 

sin ^ = 24e + 120f^ + ...; 

cos^=120f + .... 
If be made 0, 
then A = 0, B = 1, c = 0, d = — 1 : 3 !, e = 0, f = 1 : 5 !, .... 
Replace a, b, c, ••. by their values, 

0S Q5 07 

then sin^ = ^ 1 1 . q.e.d. 

3 ! 5 ! 7 ! 

Find the derivative of each member of this equation, 

then cos^=l 1 1 . q.e.d. 

2! 4! 6! 

Note 1 . That sin 6 can be expanded into a series of the form 

A + B^ + c^^-f-D^^H , is assumed in the above proof. 

' [o.w. J. alg. XII th. 27, nt. 

Note 2. These series are convergent for all finite values of 6, 

For the ratios of successive terms are : 

02 02 02 02 02 02 



, , , ••• , , , ; ... 

2-3 4.5 6-7 1.2 3-4 5.6 

I.e., series of fractions that become smaller than some constant 
that is smaller than unity, whatever the value of 0, 

and the radius of convergence is oo. [o.w. J. alg. XII th. 11 



144 DERIVATIVES, SERIES, TABLES, ETC. [V, th. 3, 

cot 6 = 



3 32.5 33.5.7 33.52.7 

sec ^ = 1 H 1- -^ h • • • 9 

2 23. 3 2^. 3'^. 5 2^. 32. 7 

^ 2 . 3 23. 32. 5 2^. 33. 5 . 7 2^ 33. 5^. 7 

For the tangent, divide the value of sine by that of cosine ; 
for the cotangent, divide the value of cosine by that of sine ; 
for the secant, divide unity by the value of cosine ; 
for the cosecant, divide unity by the value of sine. 

Note. The series for tan ^, sec $ are convergent only when 
^<^7r; for they are finite and continuous for all values of 
smaller than ^tt, but when $ = i'n- their values are infinite and 
the radius of convergence is ^tt ; so the series for cot 0, $ esc 
are convergent only when ^ < tt. 

C0E.2. log.sin0=log6-£^-^^-^-... 

i 

^ 1^2 2^.3 32.5 23.32.5.7 

T^ 1 • zi COS X /I 1 ^ ^* n 

For ... i>«log-8m« = -j-^=cote = ----_-..., [Im. 



.*. log-sin ^ = log ^ — -^ •«., rim. 

^ ^ 2.3 22.32.5 3*.5.7 *- 

I.e., log-sin B= the series whose ^-derivative is the above 

series for cot ^, and which, as ^ = 0, approaches to 
log $ as log-sin 6 must do. 

So *.• Delog-cos^ = - = — tand = — ( ^-^ h 

cos V 3 



.*. log-cos ^ = — ( — h 

^ V2 2^-3 32.5 23.32.5.7 

Note. The series for log-sin is convergent for all values of 
smaller than n ; that for log-cos 6 for all values smaller than ^tt. 
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§3. COMPUTATION OF FUNCTIONS. 

PrOB. 1. To COMPUTE A TABLE OF NATURAL SINES AND COSINES. 

(a) For angles 0°...30° : replace B by 1\ 2', 3', ... in the for- 
mulae ofth.3. 
^ _ ^;^ TT ^ 3.141592653589 793 

'^'' '* 180x60 10800 

= .000290888208666, 

.-. sinl'=.000290888208666-i522MMM^V... 

3! 
= .0002908882; 

-, , .0002908882086662 , 
cosl'= 1 h**- 

2! 

= .9999999577; 
sin 2'= 2 X. 000 290 888 208 666 

03^.0002908882086663 , 

~ sT ^ *** 

= .0005817764; 

coB2>=l-22x '^^^^^^^^f^^^^^^V ... 

= .9999998308. 

Note 1. The fraction tt: 10,800 once raised to the required 
powers, first, second, third, .••, and divided by the factorials 
1!,2!,3!,..., thereafter only simple multiples of the quotients 
are used. At first but two terms of the series are needed ; but 
later, when is larger, and the series therefore converges less 
rapidly, more terms must be taken. 

E.g., for 30°, ^ = ^tt = .52360 nearly ; 

and sin 30°= .52360-:^??^ 4-^^^^-^^^' + - 

6 120 5040 

= .52360 - .02392 -f- .00033 - .00000 + ... 

= .5 within less than .00005 ; 

i.e., by the use of three terms of the series, the sine is found 
correct to four decimal places, the same degree of accuracy as 
that assumed for the value of tt. 
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(b) For angles 30°»-- 45° : replace $' byV^ 2', 3', ••• informuLoe : 

co5(30°+^') = cos{Z(f-e')-sin 0\ 

E.g., sin 30° 1' = cos 1'- sin 29° 59' 

= .999 999 .499 75 = .50025, 

sin 30° 2' = cos 2' - sin 29° 58' 

= 999 999 .499 60 = .500 60, 

cos30° 1' = cos 29° 59' - sin 1' 

= .866 17 - .00029 = .86588, 

cos 30° 2' = cos 29° 58' - sin 2' = .866 73. 

(c) For angles 45°- • • 90° : apply formvlce : 

sin (45° + ^') = cos (45° - 0') ; [II th. 8 

cos (45° + 0') = dn (45° - ^') . 

E.g., sin 45° 1' = cos 44° 59' =.70731, 
sin 45° 2' = cos 44° 58' = .70752, 
cos 45° 1' = sin 44° 59' = .706 90, 
cos 45° 2' = sin 44° 58' = .706 70. 

Note 2. Verification. The results are tested in many ways : 

/ \ '1/1 |1 — cos B 1/1 11 -f- cos 6 f'TT 4.U -1 A 
(a) ••• sin^^=^ , cosi^=^|— ^— , [IIth.14 

.*. from cos 45°, = Vi' ^^^ found in succession the sines 
and cosines of 22° 30', 11° 15', .... 

So from cos 30°, = ^ ■y/3, are found in succession the sines 
and cosines of 15°, 7° 30', .... 

(6) •.• sin 2 ^ = 2 sin $ cos 0, [II th. 14 

cos 3 6^ = 4 cos^ ^ — 3 cos 6, [II th. 16 cr. 

and sin 36° = cos 54°, [Ilth. 8 

.-. 2 sin 18° cos 18° = 4 cos^ 18° - 3 cos 18°, 
.-. 2 sin 18° = 4(1- sin^ 18°) - 3, 

.-. sinl8° = J(V5-l), cosl8° = iV(10 + 2V^); 
thence in succession the sines and cosines of 9°, 4° 30', 2° 15', •••. 
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(c) From cos 36°= cos^ 18°- sin^ 18°=i (•y/5 + 1), 
and sin 36°= V(l - cos^ 36°) = i V (1^ - 2 V^), 

are found the sine and cosine of (36° — 30°), i.e., of 6°, thence 
in succession the sine and cosine of 3°, 1° 30', 45', •••. 

(d) From sin (36°+ 0') - sin (36°- 0'), = 2 cos 36° sin 0' 

= *(V5 + l)sin(9S 

subtract sin (72°+ $') - sin (72°- 6'), = 2 cos 72° sin (9' 

= i(V5-l)sin(9', 
then, sin (36°+ 0') - sin (36°- 0') 

= sin (72°+ ^) - sin (72° - $') + sin $', 

a formula (Euler's) that serves to test the sines of all angles 
from 0° to 90°, if to 0' be given the different values from 0° to 18°. 

In the same way may be used either of the test formulae 
found in II § 8, exs. 9-12. 

PrOB. 2. To COMPUTE TABLES OP NATURAL TANGENTS, CO- 
TANGENTS, SECANTS, AND COSECANTS. 

Divide the sines of the angles^ in order ^ by the cosines^ each by 
ecLch; the cosines by the sines; unity byjthe cosines; unity by the 
sines : 

or^ replace $ by 1', 2', 3', ••• in theformulce ofth. 3, cr, 1. 

pROB. 3. To COMPUTE TABLES OP LOGARITHMIC FUNCTIONS. 

Prom a table of logarithms of numbers take out the logarithms 
of the natural sines and cosines : 

or^ replace by V, 2', 3', ••• in theformulce ofth. 3, cr. 2. 

Subtract the logarithmic cosines from the logarithmic sines; the 
logarithmic sines from the logarithmic cosines; the logarithmic 
cosines and sines from 0. 

Note. 1. A more rapid method, applicable also to making 
tables of natural functions, and many others, is this : 

Take out the functions of three, four^ or more angles at regular 
intervals^ and find their several " orders of differences " ; then^ by 
the algebraic '' method of differences," find the successive terms of 
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the series of logarithms^ and interpolate for other angles lying be- 
tween those of the series. Verify at intervals by direct computation, 

[o. w. J. alg. XII §§ 10, 11 

For safety, four-place tables must be computed to six places ; 
five-place tables to seven places, and so on. 

When the terms of any order of differences are constant, or 
differ very little, the rule that follows may be applied to form 
new terms of the series : 

Add the constant difference to the last difference of the next 
lower order ^ that sum to the last difference of the next lower order, 
and so on till a term of the series is reached. 

In the example that follows, the numbers below the heavy 
rules are got by successive addition : 



angle. 


log sine 


1st dif. 


2d dif. 


3d dif. 


18° 

18° 10' 
18° 20' 


9.489 9824 
9.4938513 
9.4976824 
9.5014764 


38689 
38311 
3 7940 


-378 
-371 


7 


r- 


18° 30' 


-364 
-357 
-350 


4 


3 7576 
3 7219 
36869 


7 


18° 40' 
18° 50' 
19^ 


9.5052340 
9.508 9559 
9.512 6428 


7 



1. 



EXAMPLES. 

Compute the natural sines and cosines of : 
22° 30', 67° 30', 11° 15', 78°45', ..., 
15°, 75°, 7° 30', 82°30', ..., 

6°, 84°, 3°, 87°, ..., 



9% 



81°, 



4° 30', 85° 30', 



2. By interpolation in the table above find the logarithmic 
sines of 18° 1', 18° 2', 18° 3', 18°4', .... 
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3. From the logarithmic sines of 8% 8° 10', 8° 20', 8° 30', 

taken from the table, find the several orders of differ- 
ences, thence find three more terms of the series. 

4. Interpolate to minutes between 8° 10' and 8° 20'. 



§4. RELATIONS BETWEEN PLANE AND SPHERICAL 

TRIANGLES. 

After the definition of the trigonometric functions and the 
statement of their relations, all the properties of the right spheri- 
cal triangle, and of the plane triangle (oblique and right) , may 
be derived from those of the oblique spherical triangle. Such 
a development of the subject presents the principles of trigo- 
nometry in their most general form, and teaches the student to 
take these general propositions and, by successive steps, to draw 
out and state in theii* logical order the special propositions that 
are included in them. This mutual relation of the general and 
the particular not only helps the intellect to grasp these propo- 
sitions, but also helps the memory to retain them. 

The order of development is this : 

To state and prove the general properties of the oblique 
spherical triangle, counting it the most general form of the 
triangle. 

To derive the properties of the right spherical triangle, count- 
ing it a special case of the oblique spherical triangle, wherein 
one angle is a right angle. 

To derive the general properties of the oblique plane triangle, 
counting it a special case of the spherical triangle, wherein the 
radius of the sphere has become infinite and the arcs straight 
lines. 

To derive the properties of the right plane triangle, counting 
it a special case of the oblique plane triangle, wherein one of 
the angles is a right angle ; or of the right spherical triangle 
wherein the arcs are straight lines. 
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The "law of sines" and the "law of cosines" are proved 
directly, as follows : 

Let Z, m, n be any three directed arcs on a sphere, centre at 
o, forming a spherical triangle abc. 

let the reader so place himself before this triangle that the posi- 
tive end of the arc n is to the right of a, and positive rota- 
tion about A is counter-clock- wise. 

through c draw p^ perpendicular to the plane oab and directed 
up from D in that plane ; 

through p' draw a plane perpendicular to oa at e and cutting 
the planes of the arcs n, ~m in n\ ~m', normals to oa ; 

and a plane perpendicular to ob at f, and cutting the planes of 
the arcs 71, I in n'^ 2', normals to ob ; 




then will p^ be normal to n\ n", 

and Z. inJ'w} = Z wm = Z a, Z w'7' = Z nZ = sup Z b, 

Z BOA = arc ~c, Z obti' ^=^^71 — 0. 

(a) sin A : sin b = sin a : sin h. 
For • . • DO = EC sin a = oc sin h sin a, 
and . DC = FC sin sup b = oc sin a sin b, 

.•. sin 6 • sin a = sin a • sin b, 

.*. sin a: sins = sin a: sinfeo q.e.d. 
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(b) cos a = cos b cos c + sin b sin c cos a. 
For •.• OP = 00 cos a, 



and OF = OE cos — c + ed cos ^tt — c 

= oc cos b cos c 4- oc sin b cos a sin c, 
. . cos a = cos b cos c -f- siii & sin c cos a. q. e. d. 

(c) cos a = — cos B cos c -f- sin B sin c cos a. 
For • . • sin^ a sin b sin c (cos a -h cos b cos c) 
= sin* a (cos a — cos b cos c) 

+ (cos b — cos c cos a) (cos c — cos a cos 6) [ (6) 

= cosa(l— cos^a— cos^6— cos*c4-2cosacos5 cose), 
and sin* a sin b sin c • sin b sin c cos a 

= sin* 6 sin*c sin* a cos a [(a) 

= cos a [sin* 6 sin* c — (cos a — cos b cos c) *] , [ ( 6) 
= cos a(l — cos* a— cos* 6— cos* 0+2 cos a cos 6 cose) , 
.'. cos A + cos b cos c = sin B sin cos a. q.e.d. 

The derivation of other formulae is as given in IV § 5, and 
that of the special properties of the right spherical triangle from 
these is outlined in IV § 5 ex. 2. 

The general properties of the plane triangle may be got from 
those of the spherical triangles as follows : 

If the sides of a spherical triangle subtend very small angles 
at the centre of the sphere, the spherical triangle differs but 
little from a plane triangle having the same vertices ; and, if 
the vertices be fixed in position while the centre of the sphere 
recedes further and further away, and the radii grow longer, 
then the bounding arcs grow straighter, the spherical triangle 
approaches closer to the plane triangle having the same vertices, 
the small angles at the centre of the sphere, subtended by the 
sides of the triangle, are proportional to those sides, and the 
sum of the three angles of the triangle is a little greater than, 
but approaches, two right angles. 
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The plane triangle that has the same vertices is the limit to 
which the spherical triangle approaches when the radius is in- 
finite, and if in the formulae for spherical triangles the functions 
of the sides be expressed in terms of their subtended angles, 
and only those terms be retained whose limiting ratios are finite. 
I.e., those that are of the same lowest order of infinitesimal, the 
resulting formulae correspond to the formulae for plane triangles. 

In detail : replace sin a, cos a, tan a, ••• by a [-•••) 

3 ! 

1 1 , a-] 1 , and so on ; 

omit all terms except those of lowest order, and replace these 
infinitesimals by the corresponding sides of the plane triangle. 

(a) The terms of lowest degree of the first order : 

Replace sin a, tan a, 2 sin ^ a, ••• by a, cos a by 1, and so on ; 



then 



and 



and 



and 



and 



and 



and 



and 



. • sinp = sin r sin p = tan q cot Q, 
•. p =r sin p = g cot Q ; 

. • cos p = cosp sin q = tan q cot r, 
• . cos p = 1 • sin Q = g : r ; 

. • sin a : sin h = sin a : sin b, 
• . a : 6 = sin a : sin b ; 

.• sin ^A =y'[8in (s — h) sin {s — c): sin 6 sine], 

•. sin^A=-^[(s — 6)(s — c) : be] ; 

. • cos ^ A = -y/[sin s sin {s — a) : sin h sin c] , 
•. cos -J- A = ^[s(s — a) : he] ; 

. • tan ^ A = y'[sin (s — h) sin (« — c) : sin s sin (« — «)], 
•. tan -J-A = V[(^ ■" ^)(^ — c) IS {s — a) ; 

.• sin ^(a — b) = sin^(a — h) : sin^c • cos^c, 
•. sin ^(a — b) = (a — 6) : c • cos ^c ; 

.• cos^(a — B) = sin^(a + 6) : sin^c • sin^c, 
•. cos ^(a — b) = (a 4- 6) : c • sin ^c ; 
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and 



and 



and •.• tan^(A — b) = smi(a — b) : 8in^(a-f-&) • cot-J-c, 
.-. tan ^(a — b) = (a — 6) : (a + 6) • cot ^c ; 

•.* tan^(a + 6)= cosi(A — b) : co8i(A-}-B)- tan^c, 
.-. a + 6 = co8^(a — b) :cos^(A-f-B) • c; 

••• tan^(a — 6) = sin^(A — b) : sm^(A + B) • tan|-c, 
.*. a — 6 = sin^(A — b) : sin^(A + B) • c. 

(b) The terms of lowest degree of the second order : 
Replace sin a, tan a, by a ; cos a by 1 — ^a^ ; and so on. 
£J.g., the formula cos r = cosp cos q becomes 

.". j9*4-g^=r^ ± terms of higher degree, whose ratios to 

i>^j g^, r^ = when j?, g, r = 0, 
.*. p^ + q^ c=z r*. 

So, the formula cos a = cos b cos c + sin 6 sin c cos a gives 
a^ = &2 _|_ (j2 __ 2 6c cos A. 



EXAMPLES. 

1. Show that of exs. 1-7, IV § 3, exs. 1, 2 reduce, for a plane 

right triangle, to g^+p^ = r^; 

exs. 3, 4, to tan^p = -Y/[(r — g) : (r + g)]=jP2 (^ + 9) 5 
ex. 5, to p — q=p tan^p — g tan^Q ; 
exs. 6, 7, to p 4- Q = 90"^. 

2. Show that of exs. 3-14, IV § 5, ex. 3 reduces, for a plane 

triangle, to ex. 1, III § 4 ; 

ex. 7, to ex. 2, III § 4 ; 
ex. 5, to ex. 4, III § 4 ; 
ex. 9, to (s — c) : (s — a) = tan ^a : tan ^c. 
Show what the other examples of IV § 5 reduce to. 
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LEGENDRE's theorem. — GEODESY. 

Theor. 4. If ABC he any spherical triangle whose sides are 
very small as to the radius of the sphere^ and if a'b'c' be a plane 
triangle whose sides a', 6', c' are equal in absolute length to the 
sides a, &, c of the sphencal tHangle^ then each angle a, b, c 
exceeds the corresponding angle a', b', c' by one-third of the spher^ 
ical excess of the triangle abc. 

Replace sin 6, smc by b — ^^ H , c — ^c^-\ , 

and cosa, cosb, cose by 1 — ^a^-i- •••, 1 — J6^+ ..., 1— ^c^-f- ...; 

then • . • the formula cos a = cos b cos c 4- sin b sin c cos a gives 

be (cosa'— cos a) [cos a' = (6^ -f c^ — a^) : 2 be 

whose ratios to these terms = 0, when a, 6, c = 0, 
and so for ca (cos b'— cos b) , ab (cos c'— cos c) , [sym. 

.•. 6c(cosa'— cosA)=ca(cosB'— cosB)=a6(cosc'— cose)* 
But ••• cosa'— cos A= 2 sin I" (a— a') sin ^(a+ a') 

= (a— a') sin a', 
and so for cos b'— cos b, cos c'— cos c, [sym* 

.'. 6c(a— A')sinA'=ca(B — B')sinB'=a6(c — c') sine, 
.-. a-a'= b-b'= c - c'= i [(a+b+c) - (a'H- b'4- c')]. 

Q.E.D. 
EXAMPLES. 

3. Triangle^ upon the earth's surface are regarded as spherical 

triangles, and the earth's mean radius is 3956 miles. If 
the angles a, b be 65°, 60° and the side c be 100 miles^ 
find the sides a, b in degrees and in miles ; find the angle 
c, and the spherical excess ; find the area of the triangle 
in square miles ; find the number of square miles that 
correspond to 1" of spherical excess. 

4. In a geodetic survey Z a = 30°, Z b = 48° 45', Z c = 101° 

15' 12", side c = 70 miles; find the angles of the plane 
triangle whose sides equal a, 6, c of the spherical triangle^ 
and thence find the lengths of a, b, [Leg. th. 
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Abscissa, definition of, 3. 
arc-, 87. , 

axis of, 4. 
examples of, 6. 
sign of, 4. 
Addition, of angles, 10. 
of straight lines, 3. 
-theorem, 33. 
examples of, 35. 
Altitude of a star, 119. 
Ambiguous cases of triangles, 62, 

110-114. 
Amsler's planimeter, 80. 
Angle, addition of, 10. 
and side, of same or opposite species, 

94, 105, 106. 
between two intersecting planes, 84. 
complement and supplement of, 11. 

examples of, 12. 
congruent, 7. 
degree measure of, 8. 
functions of a single, 14. 
examples of, 17. 
relations of, 19. 
examples of, 21. 
functions of complement, 29. 
of double angles and half angles, 

36. 
of multiple, 38. 

examples of, 40. 
of negative, 26. 
of w + d, 28. 
of iir+fl, 30. 
of related angles, 26. 

examples of, 31. 
of sums, and of differences, 33. 



Angle, 

functions of supplement, 27. 

grade-measure of, 9. 

hour-measure of, 9. 

hour>, 119. 

initial and terminal line of, 6. 

near the ends of a quarter, 46, 64. 

negative, functions of, 26. 

measurement of, 8. 

plane, 6. 

positive and negative, 7. 

primary, 7. 

properties of spherical, 90. 

radius-measure of, 8. 

related functions of, 26. 

subsidiary, 62. 

vectorial, 13. 
Anti-functions, 14. 
Arc, directed, 87. 

-abscissa, 87. 

-normal, 87. 

-ordinate, 87. 
Area, of a plane triangle, 64. 
examples of, 65. 

of a polygon, 81. 
examples of, 83. 

positive and negative, 74. 
examples of, 79. 
Astronomical day, 125. 

triangle, 123. 
Astronomy, spherical, 118. 

celestial sphere, 118. 

examples in, 121, 125. 

relations between ecliptic-coordl 
nates and equator-coordinates, 
120. 
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Astronomy, 
relations between equator-coordi- 
nates and horizon-coordinates, 
122. 
solar time, 124. 
spherical coordinates, 119. 
sun's annual motion, 121. 
diurnal motion, 124. 
Axis, of abscissas, 4. 
of circle, 88. 
of ordinates, 4. 
Azimuth of a star, 119. 

Bearing and distance of a point, 13. 
examples of, 13. 

Celestial equator, 118, 119. 

meridian, 118. 

sphere, 118. 
Checks, 51, 62, 60, 95, 109. 
Circle, axis of, 88. 

circumscribed about a triangle, 66. 
examples of, 67. 

escribed, 66. 
examples of, 67. 

great, 87. 

hour-, 118. 

inscribed, 66. 
examples of, 67. 

poles of a great, 88. 

vertical, 118. 
Complement of an angle, 11. 

examples of, 12. 

functions of, 29. 
Computation of trigonometric func- 
tions, 145. 

of logarithmic functions, 147. 

of natural sines and cosines, 145. 

of natural tangents, cotangents, 
secants, and cosecants, 147. 

verification of, 146. 
Congruent angles, definition of, 7. 

functions of, 15. 
Constancy of trigonometric func- 
tions, 15. 
Conversion formulse, 34. 

geometric proof of, 35. 
Coordinates, axes of, 4. 



Coordinates, ecliptic-, 120. 

equator-, 120, 122. 

horizon-, 122. 

polar, 13. 

rectangular, 4. 

spherical, 119. 
Cosecant, see functions. 

computation of, 147. 

definition of, 14. 

value of, in terms of other func- 
tions, 19. 
Cosine, see functions. 

computation of, 145, 147. 

definition of, 14. 

law of, 57, 102. 

value of, in terms of other func- 
tions, 19. 
Cotangent, see functions. 

computation of, 147. 

definition of, 14. 

value of, in terms of other func- 
tions, 19. 
Course, ship's, 128. 

relation of to departure and differ- 
ence of latitude, 129. 
Coversed sine, definition of, 14. 
Currents, in navigation, 134. 

set and drift of, 134. 

Dead-reckoning, in navigation, 127. 
Declination of a star, 119. 
Delambre's formulaB, 107. 

useful as checks, 109. 
De Moivre's theorem, 39. 
Departure, in sux-vejring, 82. 

ship's, 128. 
Derivatives of trigonometric func- 
tions, 138. 

examples of, 141. 

geometric proof of, 140. 
Deviation of the needle, 128. 
Distance between two points, 5, 6. 
Double angles, functions of, 36. 

examples of, 38. 

Ecliptic, 118, 119. 
-coordinates, 120. 
obliquity of, 118. 
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Equation of time» 125. 
Equator, celestial, 119. 
-coordinates, 120, 122. 
Equinox, autumnal and yemal, 118. 
Examples, in astronomy, 121, 125. 
in geodesy, 164. 
in navigation, 137. 
of abscissa and ordinate of a 

point, 6. 
of area of a plane triangle; 66. 
of area of a polygon, 83. 
of bearing and distance of a point, 

13. 
of circumscribed circles, 67. 
of complements and supplements of 

angles, 12. 
of derivatives of trigonometric 

functions, 141. 
of escribed circles, 67. 
of functions of a single angle, 17. 

of double angles and half angles, 
38. 

of multiple angles, 40. 

of related angles, 31. 

of sums and differences of angles, 
36. 
of graphic representation, 26. 
of heights and distances, 71. 
of inscribed circles, 67. 
of measurements of angles, 9. 
of plane triangles, 66, 63. 
of properties of, 69. 
of positive and negative areas, 79. 
of projections, 6. 

of polygons on a plane, 86. 
of relation between plane and spher- 
ical triangles, 163. 

of functions of a single angle, 21. 
of spherical triangles, 101, 117. 

of properties of, 96, 108. 
of use of trigonometric tables, 48. 
Expansion of trigonometric functions, 

143. 

Face of a sphere, 87. 
Functions, anti-, 14. 

computation of, 146, 147. 

constancy of, 16. 



Functions, derivatives of, 138. 
expansion of, 143. 
graphic representation of, 23. 
line-, 23. 

of a single angle, 14. 
of complement of an angle, 29. 
of congruent angles, 16. 
of double angles and half angles, 36. 

examples of, 38. 
of half angles of spherical triangle 

in terms of sides, 103, 104. 
of half sides of spherical triangle 

in terms of angles, 106. 
of multiple angles, 38. 

examples of, 40. 
of negative angles, 26. 
of ir + ^, 28. 
of i TT + e, So. 
of related angles, 26. 

examples of, 31. 
of sums and of differences of angles, 

33. 
of supplements of angles, 27. 
periodicity of, 16. 
positive and negative, 16. 

examples of, 17. 
relations of, of a single angle, 19. 
trigonometric, definition of, 14. 

Greodesy, 164. 

examples in, 164. 
Graphic representation of trigono- 
metric functions, 23. 

examples of, 26. ^ 

solution of spherical triangles, 115. 

Half angles, functions of, 36. 

examples of, 38. 
Heights and distances, 68. 

examples of, 71. 
Horizon, rational and sensible, 118. 

-coordinates, 122. 
Horizontal angle, 68. 

plane, 68. 
Hour-angle, 119. 

-circles, 118. 

Latitude of a star, 119. 
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Latitude, in suryeying, 82. 

relation of, to ship's coarse, dis- 
tance, and departure, 129. 

ship's, difference of, 128. 
Legendre's theorem, 154. 
Leeway, ship's, 128. 
Line, addition of, 3. 

coincident, and opposite, 1. 

directed, and non-directed, 1. 

equal and opposite segments of, 2. 

initial and terminal, of an angle, 6. 

positive, and negative, 1. 
end of, 2. 
segments of, 2. 

projection of, 5, 32. 
Line-functions, 23, 24. 
Log-line, 127. 
Longitude of a star, 119. 
Loxodrome, 128. 

Mariner's compass, 9, 69, 127. 
Measurement of angles, 8. 

examples of, 9. 
Mercator's projection, 131. 
Meridian, celestial, 118. 

distance, 82. 

line, 118. 
Meridional part, 132. 

difference, 132. 
Multiple angles, functions of, 38. 

De Moivre's theorem, 39. 

examples of, 40. 

Nadir, 118. 
Napier's rules, 92. 

analogies, 106. 
Nautical mile, 128. 
Navigation, 127. 

currents, 134. 

dead-reckoning in, 127. 

deviation of the needle, 128. 

difference of latitude, 128. 

examples in, 137. 

great-circle sailing, 134. 

log-line, 127. 

mariner's compass, 127. 

Mercator's projection, 131. 

meridional part, 132. 



Navigation, 

meridional difference, 132. 

middle-latitude sailing, 130. 

parallel sailing, 130. 

plane sailing, 129. 

rhumb-line, 128. 

ship's course, 128. 
departure, 128. 
leeway, 128. 

tacking, 135. 

traverse sailing, 133. 

variation of the needle, 128. 
Normal, arc-, 87. 

to a plane, 84. 

Ordinate, definition of, 3. 

arc-, 87. 

axis of, 4. 

examples of, 6. 

sign of, 4. 
Origin, definition of, 2. 

Periodicity of functions, 15. 
Plane triangles, 42. 
ambiguous cases of, 62. 
angles near 90° or 0°, 54. 
area of, 64. 

examples of, 65. 
general, 49. 

inscribed, escribed and circam< 
scribed circles, 66. 
examples of, 69. 
heights and distances, 68. 
law of cosines, 57. 
law of sines, 58. 
general properties of, 57. 

examples of, 59. 
solution of isosceles, 53. 
of oblique, by right triangles, 53. 

by general properties, 60. 
of right, 51. 
examples of, 53, 54. 
tangent of half difference of two 

angles, 59. 
relation of, to spherical triangles, 
149. 
Planimeter, Amsler's, 80. 
Point, abscissa and ordinate of, 3. 
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Point, bearing and distance of, 13. 
examples of, 13. 

initial, and terminal, 2. 

orthogonal projection of, 4. 
Polar coordinates, 13, 

formula, 89. 

of a point on a sphere, 88. 

triangle, 88. 
Poles of a great circle, 88. 
Polygon, area of, 81. 

examples of, 83. 

projection of, on a plane, 84. 
examples of, 85. 
Positive and negative, angles, 7. 

areas, 74. 
examples of, 79. 

functions, 16. 

lines, 1. 
Projection, like, 6. 

line of, 5. 

Mercator's, 131. 

of a broken line, 5, 32. 

of a closed polygon, 5. 
. of a limited line, 32. 

of a polygon on a plane, 84. 

orthogonal, 4. 

upon two rectangular axes, 5 
examples of, 6. 

Rhumb-line, 128. 

Right ascension of a star, 119. 

Sailing, great-circle, 134. 

middle-latitude, 130. 

parallel, 130. 

plane, 129. 

traverse, 133. 
Secant, see functions. 

computation of, 147. 

definition of, 14. 

value of, in terms of other func- 
tions, 19. 
Segments of a line, 

equal, and opposite, 2. 

positive, and negative, 2. 
Sidereal day, 122. 
Sine, see functions. 

computation of, 145, 147. 



Sine, curve of, 24. 
definition of, 14. 
law of, 58, 105. 

value of, in terms of other func- 
tions, 19. 
Solar day, 125. 

time, 125. 
Solution, graphic, of spherical tri- 
angles, 115. 
of isosceles plane triangles, 53. 

examples of, 55. 
of isosceles spherical triangles, 100. 

examples of, 101. 
of oblique plane triangles, 53, 60. 

examples, of, 56, 63. 
of oblique spherical triangles, 100, 

109. 
of quadrantal triangles, 100. 

examples of, 101. 
of right plane triangles, 51. 

examples of, 55. 
of right spherical triangles, 95. 

examples of, 99, 101. 
Spherical astronomy, see astronomy. 

coordinates, 119. 
Spherical triangle, 86. 
ambiguous cases of , 110-114. 
astronomical, 123. 
Delambre's formulBB, 107. 

useful as checks, 109. 
functions of half angles in terms of 

sides, 103, 104. 
of half sides in terms of angles, 
105. 
general, 87. 
general properties of, 102. 

examples of, 108. 
graphic solution of, 115. 
geometric principles of, 86. 
law of cosines, 102. 
law of sines, 105. 
limited, 86. 
Napier's analogies, 106. 

rules, 92. 
properties of right, 92. 

examples of, 95. 
relation of, to plane triangles, 149. 
solution of isosceles, 100. 



